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PREFACE. 


NUMBER  presents  a  most  important  field, 
on  which  to  develope  and  strengthen  the 
minds  of  children.     Its  obvious  connec- 
tion with  the  circumstances  surrounding 
them,  —  the  simplicity  of  its  data,  — the 
clearness  and  certainty  of  its  processes, 
-the  neatness  and  indisputable  correct- 
ness of  its  results,  —  adapt  it  in  an  emi- 
nent degree  for  early  instruction.    Arith- 
metical exercises  tend  to  give  clearness, 
activity,  and  tenacity  to  the  mind ;  many 
an  intellect  that  has  not  power  enough 
for  geometry,  nor  refinement  enough  for 
language,  finds  in  them  a  department  of 
study,  on  which  it  may  labour  with  the 

invigorating    consciousness    of   success. 
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But  the  advantages  must  of  course  de- 
pend, in  a  great  measure,  on  the  manner 
in  which  arithmetic  is  taught.  More 
than  any  other  branch  of  instruction  has 
it  suffered,  in  this  country,  from  the  in- 
fluence of  circumstances.  The  reproach, 
that  we  are  a  nation  of  shopkeepers, 
might  seem  to  have  originated  in  the 
spirit  of  our  arithmetical  studies.  Most 
popular  treatises  on  the  subject  degrade 
the  science  they  profess  to  elucidate ;  it 
is  made  a  mere  shop-boy's  assistant,  the 

A  certain  mechanical  dexterity  in  per- 
forming the  operations  of  arithmetic,  as 
required  by  the  circumstances  of  com- 
mercial life,  is  effectually  obtained  by 
the  use  of  these  treatises;  but  the  prin-^ 
ciples  of , the  science  jare_  unknown,  and 
many  of  its  advantages,  as  presenting 
an  exercise  of  mental  power,  altogether 
neglected. 
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Intelligent  teachers,  however,  have  not 
always  been  satisfied   that  their  pupils 
should  regard  their  mode  of  calculating 
as    correct,    or    convenient,    merely    be- 
cause it  corresponded  with  the  rule  given 
in  their  book ;  they  have  explained  the 
rationale  of  the   process.      The   simple^ 
lucid,  and  well-arranged  treatise  of  Pro- 
fessor I)e  Morgan,  is  among  the  happiest 
attempts  to   rescue   arithmetic    from  its 
present  degraded  state,  and  to  claim  for 
it  a  place  among  other  branches  of  ra- 
tional education.     It  is  peculiarly  valu- 
able   for    young    persons,  who,    having 
been  from  their  infancy  led  hood-winked   ]\  ( 
through  the  dark  alleys  of  arithmetical      ] 
rules,  desire  to  take  an  intellectual  view_ 
of    operations,    which    they   have    been 
taught  to  perform  mechanica,lly.   It  takes 
them,  as  it  were,  to  an  eminence,  where^\ 
they  can  see  the  point  from  which  they 
started,    and   that   at   which    they   have 
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arrived,  and,  tracing  all  the  windings  of 
the  dark  passages  which  they  were  made 
to  traverse,  shows  them  that  they  were 
indeed  the  shortest,  if  not  the  best  course 
they  could  have  followed. 

The  aim  of  the  little  work  now  offered 
to  the  public,  is  different ;  it  does  not  pro- 
pose to  explain  processes,  but  to  unfold 
principles.  The  pupil  is  not  taught  to 
^comprehend  a  rule,  butjo L  dispense :  with 
it,  or  form  it  for  himself^  The  path  along 
which  he  is  led  may  be  longer  than  the 
usual  route,  but  then  it  is  in  broad  day- 
light ;  he  is  more  independent  of  his 
guide,  and  derives  more  health  and  vi- 
gour from  the  exercise.  Were  the  true 
ends  of  intellectual  education  more  clear- 
ly apprehended,  the  means  of  prosecuting 
it  would  be  more  justly  appreciated. 
While  the  question  cui  bono  ?  so  judicious 
in  itself,  is  answered  by  a  sordid  refer- 
ence to  mere  money-getting,  or  by  a 
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narrow-minded  consideration  of  profes- 
^ional  advancement,  every  method  of  in- 
struction that  proposes  to  itself  a  more 
exalted,  though  less  obvious  utility,  will 
be  ridiculed  as  visionary,  or  neglected  as 
unprofitable.     But  when  the  true  end  of 
intellectual  education  shall  be  admitted 
to   be,  first,   the   attainment   of    mental 
power,  and,  then,  the  application  of  it  to\\ 
practical   and   scientific    purposes,    that] 
plan  of  early  instruction,  which  dwells 
long   on  first   principles,  and   does    not 
haste  to  make  learned,   will  be  acknow- 
ledged as  the  most  economical,  because 
the    most    effectual.       Experience    will 
show,  as  indeed  it  has   already  shown, 
that  while  superficial  teaching  may  pre- 
pare for  the  mere  routine  of  daily  busi- 
ness, whensoever  a   question,    not  anti- 
cipated in  the  manual,  occurs,   none  but 
the  pupil  whose  faculties  have  been  exer- 
cised in  the  investigation  of  truth,  who  is 
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the  master,  not  the  slave  of  rules,  will 
solve  the  unexpected  difficulty,  by  a 
novel  application  of  the  principles  of 
the  science. 

Writers  on  method  have  observed, 
that  there  is  a  certain  order,  in  which 
truths  present  themselves  to  the  mind 
engaged  in  the  original  investigation  of 
a  subject,  and  that  when  the  subject  has 
been  investigated,  a  different  arrange- 
ment is  necessary  for  the  lucid  exposi- 
tion of  the  truths  discovered.  These 
views  have  been  most  unhappily  applied 
in  the  early  stages  of  instruction.  For 
although  the  artificial  order  may  be  best 
calculated  to  convey  knowledge  to  minds 
already  trained  for  its  reception,  by  pre- 
vious acquaintance  with  similar  subjects, 
it  is  by  no  means  suited  to  the  opening 
faculties  of  children.  Hence  the  dis- 
gust, in  many  cases  insurmountable, 
which  the  first  principles  of  a  science  in- 
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spire  in  their  minds.  This  disgust,  how- 
ever, vanishes,  if  a  preparatory  course  of 
instruction  be  arranged,  having  for  its 
object  the  training  the  mind  for  the 
study  of  the  science  rather  than  the  com- 
municating the  knowledge  of  it.  In  this 
preparatory  course  the  order  is  deter- 
mined by  a  consideration  of  the  mind  of 
the  pupil ;  it  commences  with  what  is 
already  known  to  him,  and  proceeds  to 
the  proximate  truth  ;  the  more  easy  pre- 
cedes the  more  difficult,  the  individual 
prepares  for  the  general  truth,  the  ex- 
ample for  the  rule. 

It  has  been  objected  to  the  former 
edition  of  this  little  work  that  it  is  not 
complete ;  it  does  not  profess  to  be  so ;  it 
is  only  a  preparatory  course;  the  vesti- 
bule, not  the  building.  It  is  proposed 
that  rules,  and  practice  on  rules,  should 
follow  these  exercises  ;  and  this  plan  has 
for  years  been  adopted  in  the  school,  for 
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the  use  of  which  the  lessons  were  ori- 
ginally drawn  up.  The  principal  alter- 
ation which  the  Second  Edition  exhibits, 
is  the  division  of  the  work  into  two  Parts, 
—the  one  supplying  Directions  for  the 
Master,  and  the  other  Exercises  for  the 
Pupil.  This  arrangement  will  mate- 
rially diminish  the  manual  labour  of  the 
teacher,  and  facilitate  his  giving  instruc- 
tion to  several  classes  at  the  same  time. 
It  is  obvious  that  a  single  copy  of  the 
larger  part  will  suffice  for  the  Master, 
and  that  each  of  the  pupils  should  be 
furnished  with  a  copy  of  the  Praxis. 

C.  MAYO. 

Cheam,  Jan.  1,  1835. 
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INTRODUCTION. 

ON    NUMBER. 

Idea  of  Number — Counting. 

THE  aim  of  this  lesson  is,  to  lead  the  pupils  to 
understand  the  meaning  of  words,  expressive  of 
numbers,  as  "  two/'  "  three,"  "  ten/'  &c. ;  namely, 
that  they  imply  a  collection  of  so  many  ones.  To 
do  this,  any  convenient  object,  such  as  a  ball,  stone, 
book,  &c.  being  placed  before  the  pupils,  the 
Teacher  says  —  One  ball. 

Pupils.  [Repeat.]  One  ball. 

T.  Show  me  any  other  object  in  the  room  of 
which  you  may  say  one. 

P.  One  ceiling,  floor,  8cc. 

T.  (Putting  a  second  ball  to  the  former,  says) 
Two  balls. 

P.  [Repeat.]  Two  balls. 
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T.  Show  me  any  objects  of  which  you  may 
say  two. 

P.  Two  doors,  &c. 

'T.  (Adding  a  third  ball  to  the  former  two,  says) 
Three  balls. 

P.  Three  balls. 

T.  Name  any  objects  of  which  you  may  say 
three. 

P.  Three  chairs,  &c. 

Adding  successively  a  ball  to  the  former  number, 
the  teacher  each  time  requires  the  pupils  to  point 
out  some  objects  to  which  the  appellation,  four, 
five,  six,  &c.  is  applicable.  It  must  be  left  to  his  dis- 
cretion to  determine  where  to  stop.  One  child 
will  be  embarrassed  by  having  ten  or  twenty  ob- 
jects before  him,  whereas  another  will,  at  one 
glance,  ascertain  their  number.  In  the  one  the 
power  of  perception  must  be  developed  by  a  slow 
and  gradual  process ;  in  the  other,  it  will  rapidly 
strengthen  as  larger  collections  of  objects  are  suc- 
cessively presented. 

In  order  however  to  lead  to  the  accurate  con- 
ception and  correct  expression  of  number,  it  is 
desirable  at  this  step  to  put  before  the  pupils  pro- 
miscuous objects,  requiring  them  to  ascertain  their 
total  number,  as  well  as  the  number  of  those 
among  them,  which  are  of  the  same  kind. 

Thus,  for  instance  ;  putting  3  balls,  4  books, 
5  slates,  &c.  before  them,  the  teacher  says— 
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T.  What  must  you  do  to  ascertain  how  many 
objects  there  are  here? 

P.  We  must  count  them. 

T.  Count  them. 

P.  There  are  twelve  objects. 

T.  Twelve,  then,  is  the  number  of  objects  before 
you  ;  are  they  all  of  the  same  kind  ? 

P.  No ;  there  are  balls,  books,  and  slates. 

T.  Ascertain  the  number  of  each  class  of 
objects. 

P.  The  number  of  balls  is  three  ;  the  number 
of  books  four ;  and  the  number  of  slates  five. 

Exercises  of  this  kind  may  be  much  and  inte- 
restingly diversified,  especially  for  very  young 
children,  or  for  those  whose  perception  is  slow,  by 
directing  their  attention  to  the  number  of  the 
various  parts  of  which  one  object  is  composed,  or 
the  number  of  plants,  trees,  birds,  fishes,  shells, 
minerals,  &c.  which  they  know. 

The  teacher  is  referred  to  "  Exercises  on  Lessons 
on  Number." 
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CHAPTER   I.  -  ADDITION. 


§   1.       ADDITION    OF    UNITS. 

LESSON  I.     To  add  One. 

THE  first  and  simplest  lesson  in  Number  is,  evi- 
dently, that  in  which  the  pupil  is  taught  to  add 
one  to  each  number  in  succession  ;  and  then  to 
numbers  taken  promiscuously.  To  connect  this 
operation  of  the  mind  with  the  idea  the  pupil  has 
formed  of  number  from  the  previous  exercises, 
recourse  must  be  had  to  the  senses,  by  making 
use  of  some  visible  objects,  either  the  numeral 
frame  or  the  slate.  This  being  ultimately  aban- 
doned, the  exercise  will  become  purely  intellectual. 

In  the  following  exercises  the  slate  is  supposed 
to  be  used. 

T.  [Drawing  one  small  line  upon  the  slate,  asks] 
How  many  lines  are  there  here  ? 

P.  One. 

T.  [Draws  beneath  the  former  two  lines,  and 
asks]  How  many  lines  are  there  here?  |  | 

P.  Two. 
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T.  How  many  are  one  line  more  one  line  ? 

P.  Two  lines. 

T.  How  many  are  one  book  more  one  book  ?  — 
One  tree  more  one  tree  ? — One  slate  more  one  slate? 

How  much  are  one  more  one  ? 

How  many  ones  make  two  ? 

T.  [Drawing  three  lines  beneath  the  former  two, 
asks]  How  many  lines  are  here  ?  Ill 

P.  Three. 

T.  How  many  more  lines  are  there  in  this  row 
than  in  the  one  above  ? 

P.  One  more. 

T.  How  many  lines  are  in  the  second  row  ? 

P.  Two. 

T.  How  many  lines  are  two  more  one  ? 

P.  Three  lines. 

T.  How  much  is  two  more  one  ? 

P.  Three. 

T.  [Draws  four  lines  beneath  the  former  three, 
asking]  How  many  more  lines  are  there  in  this  row 
than  in  the  one  above  ?  I  I  I  I 

P.  One  more. 

T.  How  many  are  in  the  third  row  ? 

P.  Three. 

T.  How  many  are  three  lines  more  one  ? 

P.  Four  lines. 

T.  How  much  is  three  more  one  ? 

P.  Four. 

T.  [Draws  Jive  lines  beneath  the  former  four  ; 
szV,  seven  lines,  and  so  on  in  succession,  asking 
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each    time    questions    analogous    to    the    above. 
These  lines  will  stand  arranged  thus :  — 


To  such  a  number,  as,  in  the  discretion  of  the 
teacher,  will  seem  sufficient. 

After  due  repetition,  the  pupils  must  be  able  to 
proceed  as  follows :  [the  lines  on  the  slate  being 
effaced.] 

One  more  one  are  two ; 

Two  more  one  are  three ; 

Three  more  one  are  four ; 

Four  more  one  are  five ; 

Five  more  one  are  six ; 

Six  more  one  are  seven  ;  &c.  &c.  &c. 

The  teacher  will  do  well  to  let  his  pupils  proceed 

to  the  very  limit  of  their  distinct  conception  of 

number.     After  this   exercise,  which  the  whole 

class  should  repeat  viva  voce,  each  pupil  may  be 
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required  to  ask  the  class  one  or  more  questions 
promiscuously.  Thus,  How  much  is  nine  more 
one  ? — Seventeen  more  one  ?  &c. 

It  frequently  happens  that  the  teacher's  class 
consists  of  several  divisions  of  pupils,  more  or  less 
advanced,  and  the  time  he  can  devote  to  each  is, 
in  consequence,  limited.  Exercises  have,  there- 
fore, been  drawn  lip  corresponding  to  this  and  the 
following  lessons,  which  may  be  given  to  the 
pupils  for  solution.  The  answers  are,  for  the  pre- 
sent, to  be  written  on  their  slates  in  words. 

Another  advantage  of  these  exercises,  and  that 
not  perhaps  the  least,  is,  that  they  lead  each  pupil 
in  silence  to  think  for  himself,  and  commit  the 
result  of  his  thoughts  to  writing ;— a  process  much 
calculated  to  sober  the  mind  after  the  exciting 
effects  of  simultaneous  learning. 

Answers  to   the  Exercises. 

Lesson  I.     To  add  One. 

N.  B.  The  answers  to  the  six  first  questions 
must  be  inspected  by  the  teacher. 

1.       15      Ans.  13.        74      Ans.  19.        101 


8. 

27 

14. 

79 

20. 

109 

9. 

38 

15. 

81 

21. 

127 

10. 

49 

16. 

87 

22. 

149 

11. 

56 

17. 

94 

23. 

155 

12. 

63 

18. 

97 

24. 

187 
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LESSON  II.     To  add  Two. 

T.  [Drawing  one  line  on  the  slate,  and  next  to 
it  two  lines  more,  thus]  asks 


How  many  lines  are  there  in  all  ? 

P.  Three  lines. 

T.  [Drawing  two  lines,  and  next  to  them  two 
lines  more,  three  lines,  four  lines,  &,c.  adding  each 
time  two  lines,  as  below,]  asks 
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How  many  lines  are  one  more  two  ?  two  more 
two?  three  more  two  lines?  &c.  &c. 

P.  Two  lines  more  two  lines  are  four  lines  ; 
Three  lines  more  two  lines  are  five  lines ; 
Four  lines  more  two  lines  are  six  lines ; 

&c.     &c. 

After  due  repetition  of  the  above,  the  drawing  of 
lines  on  the  slate  should  be  abandoned,  if  possible. 
It  is  far  more  improving  to  render  the  operation 
purely  intellectual,  than  to  continue  deriving  assist- 
ance from  the  external  senses. 
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To  add  two,  is,  evidently,  to  add  one,  and  then 
another  one  in  succession.  If,  then,  Lesson  I.  be 
perfectly  known,  there  will  be  little  difficulty  in 
leading  the  pupil  to  increase  any  number  by  two 
at  one  step.  The  mode  made  use  of  to  this  end,  is 
shown  in  the  following  questions :  — 

Q.  How  many  ones  make  two  ? 

A.  One  more  one  ;  that  is,  two  ones. 

Q.  How  many  ones,  then,  make  one  more  two  ? 

A.  One  more  one,  more  one  ;  that  is,  three. 

Q.  How  much  is  two  more  two? 

A.  Two  more  one,  more  one,  or  four. 

Q.  How  much  is  three  more  two  ? 

A.  Three  more  one,  more  one,  or  five. 

Q.  How  much  is  four  more  two  ?  five  more  two  ? 
six  more  two?  &c. 

The  pupils  must,  after  due  repetition  of  such 
exercises,  be  able  to  proceed  readily  as  follows :  — 
One  more  two  are  three; 
Two  more  two  are  four ; 
Three  more  two  are  five ; 
Four  more  two  are  six ; 
Five  more  two  are  seven ;  &c.  &c. 

For  exercise,  it  is  recommended  to  require  the 
pupils  to  count  by  twos,  as  they  have  learned  to 
count  by  ones ;  that  is,  the  teacher  begins  at  any 
number  he  pleases,  and  calls  upon  the  pupils  to 
add  two,  and  to  the  answer  two  again,  and  so  on 
in  succession,  as  far  as  they  are  able,  or  as  may  be 
sufficient  for  practice. 
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Answers  to  the  Exercises.    Lesson  II. 

Ans.  1.  19        Am.  5.      63        Am.  9.       103 

2.  27  6.       71                10.       121 

3.  49  7,      82               11.       151 

4.  58  8.      91               12.      201 
Am.  13.  1,  3,  5,  7,  9,  1 1,  13,  15,  17,  19,  21,  23, 

&c. 

Am.  14.    2,  4,  6,  8, 10,  12,  14,  16,  18, 20,  22,  24, 
&c. 


LESSON  III.     To  add  Three. 

Before  entering  upon  any  new  lesson,  the  teacher 
must  be  quite  certain  that  the  preceding  is  firmly 
fixed  in  the  mind  of  the  pupils.  On  this  supposi- 
tion, the  present  lesson  will  require  but  little  effort 
on  their  part.  They  are  able  to  add  two,  also  to 
add  one,  and  are  now  required  to  add  three;  that 
is,  two  more  one. 

Teacher.  You  have  learnt  to  add  two;  if,  now, 
instead  of  two,  you  were  required  to  add  three, 
what  would  you  do  ? 

Pupils.  First  add  two,  and  then  one  more. 

T.  How  much  is  one  more  three  ? 

P.  One  more  two,  more  one,  or  four. 

T.  How  much  is  two  more  three  ? 

P.  Two  more  two,  more  one,  or  five. 

T.  How  much  is  three  more  three? 
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P.  Three  more  two,  more  one,  or  six. 
T.  How  much  is  four  more  three?    five  more 
three?  six  more  three?  &c.  &c. 

After  due  repetition,  the  pupil  must  be  able  to 
proceed  readily  thus :  — 

One  more  three  are  four ; 
Two  more  three  are  five ; 
Three  more  three  are  six ; 
Four  more  three  are  seven ;  &c.  &c. 
The  teacher  now  may  call  upon  the  pupils  to 
give  questions  promiscuously  to  the  class. 
Pupil  How  much  is  1 7  more  3  ? 
Class.  Twenty. 
P.  How  much  is  59  more  3  ? 
C.  Sixty-two. 

&c.     &c. 

The  whole  class  then  begin  to  count  by  adding 
three  in  succession ;  thus:  — 

C.  Three,  six,  nine,  twelve,  fifteen, 'Sec.     Again, 
C.  One,  four,  seven,  ten,  thirteen,  &c.      And 
again, 

C.  Two,  five,  eight,  eleven,  fourteen,  &,c. 
As   a  repetition  and  preparation  for  the  next 
lesson,  the  teacher  may  combine  the  previous  two 
lessons  with  the  last.     Thus  :  — 

T.  How  much  is  one  more  three,  more  one? 
two  more  three,  more  one  ? 
four  more  three,  more  one  ? 
five  more  three,  more  one  ? 
8cc.     &c. 
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Again, 

r.  How  much  is  one  more  two,  more  two? 

two  more  two,  more  two  ? 

three  more  two,  more  two  ? 

&c.     &c. 
And  again, 

T.  How  much  is  one  more  two,  more  three? 
two  more  two,  more  three  ? 
three  more  three,  more  three  ? 
&c. 

Then,  promiscuously :  — 

T.  How  much  is  five  more  three,  more  two? 

seventeen  more  two,  more  two  ? 
thirty-nine    more    two,    more 

three  ? 
forty -five  more  one,  more  two, 

more  three  ? 

It  will  much  tend  to  enliven  the  pupils,  if  the 
teacher  permit  them  to  give  questions,  similar  to 
the  above,  to  the  class.  For  instance,  one  pupil 
asks, 

How  much  is  forty -three  more  three,  more 
two  ? 

Those  who  have  found  the  answer,  hold  up  one 
hand.  The  pupil  who  gave  the  question  chooses 
among  them  whom  he  pleases  to  answer  it;  and  it 
is  he,  likewise,  who  is  to  say  whether  the  answer 
be  right  or  wrong. 
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Answers  to  the  Exercises.     Lesson  III. 

Am.  I.       17          Ans.  4.       91          Ans.l.        60 

2.  32  5.        78  8.      102 

3.  40  6.      101  9.      121 

10.      152 
Am.  11.      4,7,  10,  13,16,  19,  &c. 

12.  5,8,  11,  14,  17,  20,  &c. 

13.  6,  9,  12,  15,  18,  21,  &c. 
Ans.U.      10         Ans.  16.       41        Ans.  18.      92 

15.      23  17.      62  19.     104 

20.       96 

LESSON  IV.     To  add  Four. 

This  and  the  following  lessons  are  quite  analo- 
gous to  those  preceding ;  and  it  is  not  without 
reason  that  the  teacher  is  recommended  the  ob- 
serving a  progressive  order  in  these  lessons,  always 
beginning  with  the  simplest  form  possible.  Accord- 
ingly, the  number  four  is  added  to  one,  then  to 
two,  next  to  three,  and  so  on  in  succession,  as  far 
as  the  teacher  may  think  proper,  within  the  limit 
of  the  pupil's  clear  conception  of  number. 

The  answers,  being  the  numbers  5,  6,  7,  &c.  in 
their  natural  order,  are  readily  found  by  the  pupils, 
which  serves  as  encouragement;  but  to  arrive  at 
the  aim  in  view,  namely,  to  add  four  to  any  num- 
ber at  one  step,  the  teacher  requires  the  pupils  to 
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count  by  fours;  that  is,  he  begins  with  adding 
four  to  one;  to  the  answer  four  again  is  added, 
and  so  on,  which  gives  rise  to  the  following  pro- 
gression :  — 

1,  5,  9,  13,  17,  21,  25,  29,  31,  &c. 

Two  is  then  taken  as  the  beginning  of  the  next 
series ;  thence  the  following  progression : 

2,  6,  10,  14,  18,  22,  26,  30,  34,  &c. 
Three  now  begins  the  series,  whence  the  an- 
swers, 

3,  7,  11,  15,  19,  23,  27,  31,  35,  &c. 
And,  finally,  four  is  made  the  beginning  from 

which  the  answers 

4,  8,  12,  16,  20,  24,  28,  32,  36,  &c. 

It  is  obvious,  that  by  this  mode  of  proceeding, 
four  is  added  to  each  of  the  numbers,  1,  2,  3,  4, 
&c.  and  the  subject  quite  exhausted.  The  pupils 
must  be  able  to  repeat  these  four  series,  with- 
out hesitating,  before  they  proceed  to  the  next 
lesson. 

Promiscuous  questions  for  practice  are  left  to  be 
given  by  each  pupil  to  the  class. 

Answers  to  the  Exercises.     Lesson  IV. 

Ans.  1.     43,  82,  91,  99,  123. 

2.  22         Ans.  4.      66         Ans.  6.      107 

3.  43  5.     95 

7.  43,  47,  51,  55,  59,  63,  &c. 

8.  61,  64,  66,  70,  73,  75,  79,  82,  84, 
88,  91,  93,  97,  100,  102,  106,  &c. 
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LESSON  V.      To  add  Five. 

The  difficulty  of  adding  a  number  at  one  step 
increases  with  the  number  itself ;  but  it  may  be 
removed  in  a  great  measure,  by  inducing  the  pupils 
to  use  the  knowledge  already  gained.  Thus  to  add 
five  is  evidently  to  add  four  more  one ;  or  to  add 
three  more  two  ;  or  two  more  two  more  one  ;  ope- 
rations already  performed  by  them.  The  teacher 
ought  therefore  to  object  to  the  pupils  counting  by 
their  fingers,  but  constantly  require  them  to  refer 
to  that  actually  known,  and  to  use  it  accordingly. 
The  teacher  may  proceed  thus  :  - 

Teacher.  You  have  learnt  to  add  four ;  if  now  it 
be  required  to  add  five,  what  would  you  do  ? 

Pupil.  First  add  four,  and  then  one  more. 

T.  But  if  you  began  with  adding  three,  what 
then  must  be  done  ? 

P.  Add  two  more. 

T.  How  much  then  is  seventeen  more  five  ? 

P.  Seventeen  more  four  more  one,  that  is 
twenty-two. 

T.  Or  by  adding  three  first. 

P.  Seventeen  more  three  more  two,  which  is 
twenty-two. 

T.  The  answer  twenty-two  is  usually  called  the 
sum  of  seventeen  more  five ;  and  whenever  two  or 
more  numbers  are  added  together,  the  answer  is 
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called  their  sum.     What  is  the  sum  of  thirty-seven 
more  five? 

P.  Forty-two. 

T.  What  is  the  sum  of  one,  two,  three,  four,  and 
five? 

P.  Fifteen. 

We  will  now  learn  to  add  five  at  one  step, 
without  first  adding  four  and  then  one,  or  three 
and  then  two. 

Here  now  follow  exercises  analogous  to  those 
in  the  preceding  lessons. 

T.  How  much  is  one  more  five  ? 
two  more  five  ? 
three  more  five  ? 
four  more  five  ? 
8cc.     &c. 

After  which  one  is  made  the  beginning  of  the 
series  to  which  five  is  added,  to  the  sum  five  again, 
arid  so  on.  Then  two  is  made  the  beginning,  three 
next,  four  next,  and  finally  five,  which  complete 
the  lesson.  The  answers,  which  the  pupils  must 
be  able  to  repeat  viva  voce,  are  respectively  as 
follow :  — 

Class,  count  1,  6,  11,  16,  21,  26,  31,  36,  41,  &c. 

2,  7,  12,  17,  22,  27,  32,  37,  42,  &c. 

3,  8,  13,  18,  23,  28,  33,  38,  43,  &c. 

4,  9,  14,  19,  24,  29,  34,  39,  44,  &c. 
5, 10, 15,  20,  25,  30,  35,  40,  45,  &c. 

This  mode  of  proceeding  will  soon  be  remarked 
by  the  pupil ;  he  will  anticipate  the  questions  of 
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his  master ;  it  will  awaken  his  mind  to  reflection, 
and  lead  him  to  self-activity. 

Before  entering  upon  the  next  lesson,  each  pupil 
gives  questions  to  the  class,  making  now  use  of  the 
word  sum.  Thus  :  — 

P.  What  is  the  sum  of  fifty-eight  and  five  ? 
&c. 

Answers  to  the  Exercises.     Lesson  V. 

Ans.  1.  48         Am.  4.     112        Ans.  7.     1.14 

2.  69  5.     151  8.     203 

3.  99  6.     162  9.    224 
10.  22, 26, 29, 31, 32, 37, 41, 44, 46, 47, 

52, 56, 59, 61, 62, 67, 71, 74, 76, 77,  See. 

LESSON  VI.     To  add  Six. 

The  mode  of  proceeding  being  quite  in  accord- 
ance with  that  detailed  in  the  foregoing  lessons,  it 
will  be  sufficient  to  give  a  general  outline  of  those 
which  follow  in  this  paragraph. 

1st,  Teacher.  How  much  is  one  more  six? 

two  more  six  ? 
three  more  six  ? 
&c.  &c. 

2d,  Class,  count  1,  7,  13,  19,  25,  31,  &c. 
. .  2,  8,  14,  20,  26,  32,  &c. 
..  3,  9,  15,  21,  27,  33,  &c. 
..  4,10,16,22,  28,  34,  &c. 
..  5,11,17,23,  29,  35,  &c. 
Finally,  . .  6, 12, 18,  24, 30,  36,  &c. 
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3d.  Promiscuous  questions  given  by  each  pupil 
to  the  Class. 

Expl.  1.  Pupil.  How  much  is  fifty-nine  more 
six? 

Expl.  2.     P.  Add  seventy-three  and  six. 

Expl.  3.  P.  What  is  the  sum  of  thirty-seven 
and  six  ? 

Expl.  4.  P.  What  is  the  sum  of  eight,  six, 
five,  and  four  ? 

N.  B.  The  pupils  should  be  required  to  use  the 
words,  «  more,"  "  add,"  "  sum,"  in  order  to  form 
correct  notions  of  their  signification. 

Answers  to  the  Exercises.     Lesson  VI. 


Am.  1.   53 

Ans.  6.   76 

Ans.  11.   89 

2.   21 

7.  126 

12.   93 

3.  110 

8.   56 

13.  110 

4.  118 

9.   64 

14.  116 

5.  147 

10.   78 

15.  255 

LESSON  VII.     To  add  Seven. 
Outline  of  the  various  Exercises  of  this  Lesson. 

1st.  Teacher.  How  much  is  one  more  seven? 
. .     two  more  seven  ? 
. .    three  more  seven  ? 
&c.     &c. 
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2d,  Class,  count  1,  8,  15,  22,  29,  36,  43,  50,  &c. 

. .     2,  9,  16,  23,  30,  37,  44,  51,  &c. 

. .     3,10,17, 24,  31,  38,  45,  52,  &c. 

. .     4, 1 1, 18, 25, 32,  39,  46,  53,  &c. 

. .     5, 12, 1 9, 26,  33,  40,  47,  54,  &c. 

..     6,13,20,27,  34,41,  48,  55,  &c. 

Finally,       . .     7,14,21, 28,  35,  42,  49,  56,  8cc. 

3d.  Promiscuous  questions  given  by  the  pupils : 

Expl.  1.     Pupil.  How  much  is  forty-three  more 

seven  ? 

Expl.  2.     P.  Increase  seventy-seven  by  seven. 
Expl.  3.     P.  Add  eighty-nine  and  seven. 
Expl.  4.     P.  Find  the  sum  of  ninety-eight  and 
seven. 

Expl.  5.     P.  Find  the  sum  of  one,  two,  three, 
four,  five,  six,  and  seven. 

Answers  to  the  Exercises.     Lesson  VII. 


Am.  1.   67 

Am.  6.   83 

Am.  11.   66 

2.   77 

7.   90 

12.  132 

3.  Ill 

8.  114 

13.  127 

4.  124 

9.  122 

14.  201 

5.  129 

10.  201 

15.  326 

LESSON  VIII.     To  add  Eight. 
Outline  of  this  Lesson. 

1st.  How  much  is  one  more  eight? 
two  more  eight  ? 
. ,          , ,      three  more  eight  ? 
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2d,  Class,  count  1,    9,  17,  25,  33,  41,  &c. 

2,  10,  18,  26,  34,  42,  &c. 

3,  11,19,  27,35,  43,  &c. 

4,  12.  20,  28,  36,  44,  &c. 

5,  13,  21,  29,  37,  45,  &c. 

6,  14,  22,  30,  38,  46,  &c. 

7,  15,  23,  31,  39,  47,  &c. 
Finally,    . .         8,  16,  24,  32,  40,  48,  &c. 

3d.  Promiscuous  questions  given  by  the  pupils : 
Expl.  1.  How  much  is  forty-five  more  eight? 
Expl.  2.  Increase  seventy-eight  by  eight. 
Expl.  3.  Add  eighty-seven  and  eight. 
Expl.  4.  Find  the  sum  of  ninety-six  and  eight. 
Expl.  5.  Find  the  sum  of  two,  seven,  five,  and 
eight. 

Answers  to  the  Exercises.     Lesson  VIII. 


Am.  1.   83 

Ans.  6.  131 

Ans.  11.   65 

2.  109 

7.  128 

12.   83 

3.  124 

8.  131 

13.   89 

4.  143 

9.  204 

14.  122 

5.  251 

10.  335 

15.  134 

LESSON  IX.     To  add  Nine. 

Outline  of  this  Lesson. 
1st,  Teacher.  How  much  is  one  more  nine? 

two  more  nine  ? 
three  more  nine  ? 
&c.     &c. 
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2d,  Class,  count  1,  10,  19,  28,  37,  &c. 

..  2,  11,  20,  29,  38,  &c. 

..  3,  12,  21,  30,  39,  &c. 

..  4,  13,  22,  31,  40,  &c. 

. .  5,  14,  23,  32,  41,  &c. 

. .  6,  15,  24,  33,  42,  8cc. 

..  7,  16,  25,  34,  43,  &c. 

..  8,  17,  26,  35,  44,  &c. 

Finally,        . .  9,  18,  27,  36,  45,  &c. 

3d.  Promiscuous  questions  given  by  the  pupils  : 

Expl.  1.  Pupil.  How  much  is  sixty-three  more 
nine  ? 

Expl.  2.     P.  Increase  forty-seven  by  nine. 

Expl.  3.     P.  Add  seventy-eight  and  nine. 

Expl.  4.  P.  What  is  the  sum  of  ninety-two 
and  nine? 

Expl.  5.  P.  Find  the  sum  of  thirteen,  nine, 
seven,  and  six. 

Answers  to  the  Exercises.     Lesson  IX. 
Am.  1.       50         Ans.6.       72         Am.  II.     193 

2.  100  7.       84  12.     224 

3.  99  8.     129  13.    243 

4.  116  9.     101  14.     262 

5.  174  10.     138  15.     431 

LESSON  X. 

Decomposition  of  Numbers  into  Tens  mid  Units. 
The  decimal  system  of  numeration  being  that 
generally  adopted,  it  is  of  importance  to  lead  the 
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pupils,  as  far  as  their  tender  years  allow,  to  the 
perception  of  its   advantages  :   and  this  may  be 
done  at  the  present  stage. 
Teacher.  Count  as  far  as  ten. 

Pupils.  [Counting.]  One,  two, ten. 

T.  The  number  next  above  ten  is  eleven, — that 

is,  ten  more ? 

P.  Ten  more  one. 

T.  The  number  following  is  twelve  ;  that  is — 

P.  Ten  more  two. 

T.  Continue  counting  thirteen  is  — 

P.  Thirteen  is  ten  more  three ; 

Fourteen  is  ten  more  four ; 

Fifteen  is  ten  more  five ; 

Sixteen  is  ten  more  six ; 

Seventeen  is  ten  more  seven ; 

Eighteen  is  ten  more  eight; 

Nineteen  is  ten  more  nine ; 

Twenty  is  ten  more  ten ; 

Twenty-one  is  ten  more  eleven. 
jf.  You  said  before,  that  eleven  was  ten  more 
one ;    what,    then,    will    you    say   that    twenty- 
one  is  ? 

P.  Ten  more  ten,  more  one. 

T.  That  is,  how  many  tens  ? 

P.  Two  tens  more  one. 

T.  Continue,  twenty-two  is  — 

P.  Twenty-two  is  two  tens  more  two. 

T.  Two  what? 

P.  Two  ones. 


ADDITION.  23 

T.  Proceed  :  twenty-three  is  — 
P.  Twenty-three  is  two  tens  more  three  ones  ; 
Twenty-four  is  two  tens  more  four  ones, 

&c.     &c. 

Twenty-nine  is  two  tens  more  nine  ones. 
T.  Instead  of  saying  ones,  it  is  usual  to  say 
units*.    Proceed. 

P.  Thirty  is  two  tens  more  ten  units. 
T.  That  is? 
P.  Three  tens. 

Thirty-one  is  three  tens  more  one  unit, 

8cc.     &c. 
Forty  is  three  tens  more  ten  units ;  that  is, 

four  tens. 

The  pupils  are  required  to  continue,  in  a  similar 
manner,  as  far  as  the  teacher  may  judge  neces- 
sary. 

T.  Hence  it  is  easy  to  say  of  how  many  tens 
and  units  a  number  consists. 

Thus,  eighty-eight  consists  of  how  many  units? 
P.  Of  eighty-eight  units. 
T.  And  of  how  many  tens  ? 
P.  Of  eight  tens  and  eight  units. 
T.  By  which  part  of  your  body  are  you  apt  to 
count? 

P.  By  our  fingers. 
T.  And  how  many  fingers  have  we? 
P.  Ten. 

T.  Whence,  then,  do  you  think  originates  our 
counting  thus  by  tens  ? 
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P.  Probably  from  the  circumstance  of  our  hav- 
ing ten  fingers. 

T.  How  many  tens  are  in  eleven  more  ten? 

P.  Two  tens  more  one  unit. 

T.  How  many  units  is  that  ? 

P.  Twenty-one. 

T.  Continue  adding  ten  to  twelve,  thirteen,  &c- 

P.  Twelve  more  ten  is  two  tens  more  two  units, 

or  twenty-two ; 
Thirteen  more  ten  is  two  tens  more  three,  or 

twenty-three ; 
Fourteen  more  ten  is  two  tens  more  four,  or 

twenty-four. 
Fifteen,  &c. 

T.  Hence,  if  ten  is  to  be  added  to  a  number, 
what  must  be  done  ? 

P.  Only  increase  the  number  of  tens  by  one 
ten. 

T.  Give  an  example. 

P.  Thirty-eight  more  ten,  is  three  tens  more 
eight  units,  more  one  ten ;  that  is,  four  tens  more 
eight  units,  or  forty-eight. 

It  will  be  convenient,  before  proceeding  further, 
to  teach  the  pupils  how  to  represent  numbers  by 
signs,  not  that  they  are  essential  to  the  succeeding 
lessons,  which  are  intended  as  practice  in  mental 
arithmetic  ;  but  that  the  written  exercises  would, 
without  the  aid  of  signs,  become  cumbrous.  In  a 
school,  then,  where  the  teacher's  time  is  divided 
between  several  classes,  more  or  less  advanced,  the 
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necessity  of  the  exercises  will  be  felt ;  and  for  such, 
it  is  recommended  to  have  recourse  to  written 
arithmetic  :  whereas,  in  a  family  of  a  few  children, 
no  such  necessity  existing,  it  will  be  better  to  defer 
it,  and  continue  the  exercises  purely  mental,  until 
the  pupils'  minds,  from  the  following  lessons,  are 
more  developed. 

How  to  represent  Units  by  Signs. 
I. — UNITS. 

Teacher.  We  will  now  learn  to  represent  num- 
bers by  signs  [writing  the  following  on  the  large 
school-slate]  : 


2. 

3. 

4. 

5. 

6. 

7. 

8. 

M  M  M  I 

[Pointing  to  the  lines,  and  their  respective  repre- 
sentatives in  number,    says,  and  pupils  repeat], 
One,   two,    three,    &c.     These   signs   are   called 
Jigures ;  imitate  them  on  your  own  slates. 

c 
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jT.  What  numbers  do  these  figures  represent? 

Pupils.  Ones,  or  units. 

T.  Hence  the  figure  2  is  equal  in  value  to  which 
two  figures  added  together  ? 

P.  To  1  more  1. 

T.  I  will  teach  you  now  another  sign,  generally 
used  to  denote  the  word  "more;"  it  is  this,   +  . 
If,  then,  we  wish  to  write  down  what  we  have  just 
said,  we  would,  instead  of  writing  thus, 
2  is  equal  in  value  to  1  more  1, 
write,   2  is  equal  in  value  to  1     -f-     1. 

For  the  words,  "  is  equal  in  value/'  or  "  are 
equal  in  value,"  it  has  been  agreed  to  substitute 
the  sign  =  ;  so  that 

2  is  equal  in  value  to  1  more  1, 
is  written,  2  =  1     +     1- 

What  advantage  has  this  sort  of  short-hand 
writing  ? 

P.  It  saves  time  and  room. 

T.  Let  one  of  you  come  here  to  the  slate,  and, 
by  means  of  these  signs,  write  which  three  num- 
bers the  figure  3  is  equal  to. 

P.  [Writing.]     3  =  1  +  1  +  1. 

T.  And  which  two  figures  is  3  equal  to  ? 

P.  [Writing.]     3=2  +  1. 

T.  Proceed  in  a  similar  manner-with  the  figure  4. 

P.  [Writing.]     4  =  1  +  1  +  1  +  1. 
4=2  +  1  +  1. 
4=2  +  2. 
4=3  +  1. 
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T.  Let,  now,  every  one  of  you  proceed  in  the 
same  way  with  the  remaining  figures,  5,  6,  7,  8, 
and  9,  on  your  own  slates. 

II.— TKNS. 

T.  What  is  the  number  next  above  nine? 

P.  Ten. 

T.  Represent  ten  by  the  addition  of  two  of  the 
figures  you  have  learnt. 

P.  9  +  1;  8  +  2;  7  +  3, &c. 

T.  How  many  ones,  or  units,  are  there  in  ten  ? 

P.  Ten  units. 

T.  And  how  many  tens? 

P.  One  ten. 

T.  Which  of  the  figures  does  represent  one? 

P.  1. 

T.  If,  now,  we  wish  to  represent  one  ten,  will  it 
be  sufficient  to  write  1  ? 

P.  No ;  because  we  could  not  tell  whether  one 
was  meant  or  ten. 

T.  In  order  to  raise  this  difficulty,  I  will  place 
this  sign,  0,  called  zero,  next  to  the  1,  showing 
that  the  1  is  meant  for  1  ten;  thus,  10.  Tell 
me,  now,  which  place  0  occupies  with  respect  to 
the  1? 

P.  It  stands  behind  the  1 ; — it  stands  before 
the  1. 

T.  Some  of  you  said,  "  behind,''  others,  "  be- 
fore;" which  is  right? 

c  2 
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P.  "  Behind ;"  because  we  read  and  write  from 
the  left  to  the  right. 

T.  So  we  do  with  the  letters  of  the  alphabet ; 
but  are  you  sure  it  is  the  same  when  signs  are  used 
instead  of  letters?  You  mentioned  "left"  and 
"  right;"  which  of  these  places  does  0  occupy  in 
respect  to  1  ? 

P.  It  stands  to  the  right  of  it. 

T.  Well ;  tell  me,  now,  how  many  units  there 
are  in  10  ? 

P.  Ten  units. 

T.  And  how  many  tens? 

P.  One  ten. 

T.  So  that  if  we  suppose  these  ten  units  col- 
lected, there  would  be  one  ten,  and  no  more  units. 
Which,  now,  of  the  figures  10,  indicates  one  ten, 
and  which  no  units  ? 

P.  The  one  in  10  indicates  one  ten,  and  the 
zero  no  units. 

T.  And  you  have  before  remarked  that  the 
figure  zero  stands  where? 

P.  To  the  right  of  1. 

T.  Hence  we  shall  for  the  future  agree,  that,  of 
two  figures,  that  which  stands  to  the  right  of  the 
other,  indicates  what? 

P.  Units. 

T.  And  what  to  the  left? 

P.  Ten. 

T.  How  am  I  to  represent  two  tens,  or  twenty  ? 
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P.  Write  the  figure  two,  and  to  the  right  of  it 
zero. 

T.  Let  one  of  you  come  here,  and  write  three 
tens,  or  thirty ;  four  tens,  or  forty ;  fifty,  sixty,  &c. 
ninety. 

T.  How  many  tens  are  there  in  one  hun- 
dred ? 

P.  Ten  tens. 

T.  You  have  learnt  to  write  ten ;  we  have 
agreed  upon  the  place  which  the  tens  should 
occupy- — try  and  express  one  hundred. 

It  must  be  left  to  the  pupils  to  represent  that 
number  correctly;  when  done,  the  teacher  pro- 
ceeds :  — 

T.  How  many  figures  have  you  used  to  repre- 
sent one  hundred  ? 

P.  Three  figures. 

T.  How  many  units  are  there  in  one  hun- 
dred ? 

P.  One  hundred  units. 

T.  How  many  tens  ? 

P.  Ten  tens. 

T.  And  how  many  hundreds? 

P.  One  hundred. 

T.  So  that  if  we  suppose  these  hundred  units 
collected  into  tens,  there  would  be  how  many  of 
them? 

P.  Ten,  and  no  units. 
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T.  And  again  ;  if  we  suppose  these  ten  tens  col- 
lected into  hundreds,  there  would  be 

P.  One  of  them,  and  no  tens. 

T.  Which,  now,  of  the  figures  100,  indicates 
no  units,  which  no  tens,  and  which  one  hun- 
dred ? 

P.  The  last  zero  to  the  right  indicates  no  units  \ 
the  next,  to  the  left  of  the  former,  indicates  no 
tens ;  and  the  one  to  the  left  of  this  indicates  one 
hundred. 

T.  Hence  we  will  for  the  future  agree,  that,  of 
three  figures,  that  which  stands  to  the  right  of  the 
two  others,  shall  indicate 

P.  Units. 

T.  And  that  which  stands  next  to  the  left  of  the 
former,  shall  indicate 

P.  Tens. 

T.  Finally,  that  which  stands  to  the  left  of  this, 
shall  indicate 

P.  Hundreds. 

T.  Now  represent  on  your  slates  two  hundred, 
three  hundred,  four  hundred,  &c. 

From  this  it  will  be  readily  perceived  how  the 
pupils  may  be  taught  to  represent  thousands,  tens 
of  thousands,  &c. ;  the  teacher,  remembering  that 
the  mind  of  the  pupil  will  be  strengthened  by  pur- 
suing these  exercises,  so  long  as  he  conceives  with 
clearness,  but  no  longer. 
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As  before  with  units,  so  now  the  pupils  are  re- 
quired to  proceed  with  tens.  Thus  :  — 

20=10+10. 

30=10  +  10  +  10   =20  +  10. 
40=  10  + 10  + 10+ 10  •  =20  +  10+10. 
=20  +  20   =30  +  10. 
&c.     &c. 

III.  —  TENS  AND  UNITS. 

Teacher.  Mention  the  numbers  which  are  be- 
tween ten  and  twenty. 

Pupils.  Eleven,  twelve,  &c nineteen. 

T.  Bearing  in  mind  what  places  it  was  agreed 
that  units  and  tens  should  occupy,  try  to  re- 
present the  number  eleven. 

The  pupils  must  be  left  to  represent  that  number 
correctly.  The  right  or  the  wrong  the  class  must 
decide ;  for  that  purpose  it  is  best  to  call  each  in 
turn  to  the  school  slate.  Should  eleven  be  written 
thus  101,  the  teacher  asks  — 

T.  We  agreed  that  the  last  figure  to  the  right 
shall  represent  units ;  the  next  to  the  left  of  it 
tens ;  the  third  hundreds,  8tc.  Does  this  number 
represent  eleven,  &c.  &c.  until  the  correct  answer 
11  is  found. 

T.  Here  then  are  two  ones,  the  one  to  the  right 
of  the  other  indicates ? 

P.  One  unit. 
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T.  Ttjat  figure  is  then  said  to  stand  in  the  unit 
place ;  the  other  1  to  the  left  of  the  former  in- 
dicates   

P.  One  ten. 

T.  It  is  said  to  stand  in  the  tens  place;  now  re- 
present twelve,  thirteen,  &c. 

In  a  manner  quite  analogous  to  the  above,  the 
pupils  are  lead  to  represent  the  numbers,  twenty- 
one,  twenty-two,  &c.  &c.  which  will  not  be  at- 
tended with  any  difficulty,  if  the  preceding  has 
been  understood.  The  pupils  must  discover  them- 
selves that  all  numbers  between  1  and  100  are  pro- 
perly represented  by  2  figures,  those  between  100 
and  1000  by  3  figures,  and  so  on.  For  practice,  it 
is  recommended  to  require  the  pupils  to  write  in 
figures  the  questions  and  their  answers  according 
to  the  following  model :  thus,  beginning  at  — 

Lesson  I.     Quest.  7.  The  pupils  write  on  their 


14+1  =  15. 
26+1=27. 
37  +  1=38. 


Lesson  II.     Quest.  1. 

17  +  2  =  19. 

25  +  2=27. 
47  +  2=49. 
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Lesson  III.     Quest.  1. 

14  +  3  =  17. 

29-4-3=32. 

37  +  3=40. 

&c.     &c. 

And  so  on  with  the  lessons  which  follow :  — 

Thus,  Lesson  IX.     Quest.  1. 

5  +  9  +  4  +  9  +  3  +  9  +  2  +  9=50. 

The  mental  exercises  are  now  resumed ;  but 
those  which  the  pupils  have  to  perform,  as  practice 
on  their  slates,  are  now  written  in  figures  instead 
of  words. 

§  2.    ADDITION    OF    TENS. 

LESSON  I.     To  add  Ten. 

Teacher.  How  much  is  one  more  one  ? 
Pupils.  Two. 

T.  How  much  is  one  ten  more  one  ten  ? 
P.  Two  tens. 
T.  That  is- 
P.  Twenty  units. 
T.  How  much  is  two  more  one  ? 
P.  Three. 

T.  How  much  is  two  tens  more  one  ten  ? 
P.  Three  tens ;  that  is,  thirty, 
c  5 
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T.  How  much  is  three  more  one  ? 

P.  Four. 

T.  How  much  is  three  tens  more  one  ten? 

P.  Four  tens,  or  forty. 

The  teacher  thus  continues,  first,  by  asking  how 
much  is  four  more  one,  then  four  tens  more  one 
ten  •  five  more  one,  then  five  tens  more  one  ten ; 
and  so  on,  until  the  pupils  are  able  to  proceed 
readily.  Thus:  — 

Pupils  count :   ten  more  ten  are  twenty ; 
twenty  more  ten  are  thirty; 
thirty  more  ten  are  forty ; 
&c.     &c. 

On  comparing  this  lesson  with  Lesson  T.  Addi- 
tion of  Units,  it  will  be  found  to  correspond  with 
it  in  every  step ;  with  this  difference,  that  there  is 
an  addition  of  tens  instead  of  units.  The  lessons 
which  follow  in  this  paragraph,  namely,  those 
which  refer  to  the  addition  of  two  tens,  or  twenty, 
three  tens  or  thirty,  &c.  precisely  follow  the  same 
course  as  those,  which  had  for  their  object,  to  add 
two,  three,  &c. ;  and  treated  in  this  manner,  present 
but  little  or  no  difficulty.  From  this  consideration, 
it  is  thought  sufficient  to  give  an  outline  of  one  or 
two  lessons  on  this  subject,  and  leave  it  to  the 
teacher  to  supply  those  which  remain. 

Answers   to   the  Exercises. 

Lesson  T.     To  add  Ten. 
The  teacher,  on  examining  the  slates,  must  find 
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the  questions  and  their  answers  drawn  up  as  fol- 
lows :  — 

Ans.l.    40  +  10=50.  Am.  6.  150+10  =  160. 

2.  70  +  10=80.  7.  160  +  10=170. 

3.  80  +  10=90.  .            8.  190  +  10=200. 

4.  90  +  10=100.  9.  280+10=290. 
5.120+10  =  130.  10.  360  +  10=370. 

LESSON  II.     To  add  Twenty. 

Teacher.  How  much  is  one  more  two  ? 
Pupils.  Three. 

T.  How  much  is  one  ten  more  two  tens  ? 
P.  Three  tens,  that  is  thirty. 
T.  How  much  is  two  more  two  ? 
P.  Four. 

T.  How  much  is  two  tens  more  two  tens  ? 
P.  Four  tens,  that  is  forty. 
The  teacher  continues  questioning,  in  a  similar 
manner,  until  the  pupils  are  able  to  proceed  readily. 
Thus:- 

Class  count :  ten  more  twenty  are  thirty; 

twenty  more  twenty  are  forty; 

thirty  more  twenty  are  fifty ; 
8cc.     &c.     &c. 

Then   follow   promiscuous  questions,   given   as 
usual  by  the  pupils  to  the  class.     Thus  :  — 
Pupil  1.  How  much  is  ninety  more  twenty  ? 

2.  Find  the  sum  of  270  more  20. 

3.  Add  380  and  20.  " 
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Answers  to  the  Exercises.     Lesson  II. 
Model  how  the  exercises  are  to  be  written  by 
the  pupils :  — 

Am.  1.         50-f  20  =  70 

2.        90  +  20  +  10=120. 
Ans.3.         130  Ans.7.         180 

4.  150  8.        210 

5.  210  9.        280 

6.  120  10.        390 

LESSON  III.     To  add  Thirty. 

Teacher.  How  much  is  one  more  three? 

How  much  is  one  ten  more  three  tens  ? 
How  much  is  ten  more  thirty  ? 
The  questions  being  answered  satisfactorily,  the 
teacher  proceeds :  — 

T.  How  much  is  two  more  three  ? 

How  much  is  two  tens  more  three  tens? 
How  much  is  twenty  more  thirty  ? 
And  so  on  with  thirty  more  thirty,  forty  more 
thirty,  &c. ;  and  it  will  be    necessary    to    begin 
always  with  the  addition  of  units,  and  then  trans- 
ferring the  same  to  the  corresponding  tens.     The 
pupils  must,  at  the  end  of  this  lesson,  be  able  to 
proceed.     Thus :  — 

Class  count :  ten  more  thirty  are  forty ; 

twenty  more  thirty  are  fifty ; 
thirty  more  thirty  are  sixty ; 
&c.     &c.     &c. 
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Then  follow  promiscuous  questions  given  by  the 
pupil :  — 

Pupil  1.  Add  90  and  30. 

2.  Find  the  sum  of  50,  30,  and  20. 

3.  Increase  180  by  30. 

Answers  to  the  Exercises.     Lesson  III. 

Model     Ans.  1 .     70  +  30  +  20  +  0  =  130. 
Ans.  2.     200         Ans.  6.     180         Ans.  10.    500 

3.  270  7.    340  11.     530 

4.  300  8.     130  12.     650 

5.  140  9.     370 

LESSON  IV.     To  add  Forty. 

Answers  to  the  Exercises.     Lesson  IV. 

Ans.  1.  100  Ans.  6.  310 

2.  210  7.  390 

3.  280  8.  590 

4.  470  9.  670 

5.  570  10.  760 

LESSON  V.     To  add  Fifty. 
Answers  to  the  Exercises.     Lesson  V. 

Ans.}.  150  Ans.  6.  250 

2.  230  7.  450 

3.  300  8.  600 

4.  380  9.  710 

5.  420  10.  1090 
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LESSON  VI.     To  add  Sixty. 
Answers  to  the  Exercises.     Lesson  VI. 


Am.  I. 

210 

Ans.  6. 

540 

2. 

250 

7. 

550 

3. 

350 

8. 

720 

4. 

330 

9. 

810 

5. 

410 

10. 

960 

LESSON  VII.     To  add  Seventy. 
Answers  to  the  Exercises.     Lesson  VII. 

Ans.  1.        280  Ans.  4.        390 

2.         400  5.         640 

;  3.         390  6.       1090 

LESSON  VIII.     To  add  Eighty. 
Answers  to  the  Exercises.     Lesson  VIII. 

Ans.  1.         360  Ans.  4.      •  730 

2.  490  5.         770 

3.  580  6.       1190 

LESSON  IX.     To  add  Ninety. 
Answers  to  the  Exercises.     Lesson  IX. 

Ans.  1.         440  Ans.  4.         600 

2.  500  5.         860 

3.  460  6.       1210 
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§  3.    ADDITION  OF  TENS  AND  UNITS. 

LESSON  I.     To  add  10,  11,  12 19. 

Thus  prepared,  the  pupils  may  now  begin  to  add 
numbers  consisting  of  tens  and  units,  commencing 
again  with  the  simplest  form  ;  thus  :  — 
Teacher.  How  much  is  1  more  10? 
..       2  more  10? 
..       3  more  10? 
&c.     Sec. 
..     10  more  10? 
..     11  more  10? 

Pupils.  10  more  1,  more  10  ;  that  is,  21. 
T.  How  much  is  12  more  10? 
P.  10  more  2,  more  10;  that  is,  22. 
T.  How  much  is  13  more  10? 
P.  10  more  3,  more  10 ;  that  is,  23. 
T.  How  much  is  14  more  10? 
15  more  10? 

&c. 

..      20  more  10? 

..      21  more  10? 

P.  20  more  1,  more  10,  or  31. 

I7.  How  much  is  22  more  10  ? 

P.  20  more  2,  more  10,  or  32. 

T.  How  much  is  23  more  10? 

..       24  more  10? 

. .       25  more  10  ? 

8cc. 
31  more  10? 
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P.  30  more  1,  more  10,  or  41. 

T.  How  much  is  32  more  10  ? 

..       33  more  10? 

34  more  10  ? 

&c.     &c. 

And  so  on  with  the  numbers  which  follow.  The 
pupils  will  soon  be  able  to  proceed  readily 
thus  :  — 

Class  count:    44  more  10  are  54; 
45  more  10  are  55  ; 

&c. 

73  more  10  are  83 ; 
&c.     &c. 

T.  You  have  learnt  to  add  10  to  every  number  ; 
if,  now,  it  be  required  to  add  11,  what  would 
you  do  ? 

P.  First  add  10,  and  then  1  more. 

T.  How  much  is  15  more  11  ? 

P.  15  more  10,  more  1,  or  26. 

T.  How  much  is  39  more  11? 

P.  39  more  10,  more  1,  or  50. 

T.  And  if  it  be  required  to  add  1 2,  what,  then, 
would  you  do? 

P.  First  add  10,  and  then  2  more. 

T.  How  much  is  57  more  12  ? 

P.  57  more  10,  more  2,  or  69. 

T.  How  much  is  85  more  1 2  ? 

P.  85  more  10,  more  2,  or  97. 
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1\  If  it  be  required  to  add  13,  what  would 
you  do? 

P.  First  add  10,  and  then  3  more. 

T.  Add  88  and  13. 

P.  88  more  13,  are  88  more  10,  more  3,  or  101. 

T.  If  it  be  required  to  add  14,  what  would 
you  do  ? 

P.  First  add  10,  and  then  4  more. 

T.  How  much  is  137  more  14? 

P.  137  more  10,  more  4,  or  151. 

To  add  the  numbers,  15,  16,  17,  18,  and  19, 
similar  questions  are  asked.  The  above  must  be 
considered  as  a  mere  outline  of  the  mode  of  pro- 
ceeding, not  as  being  sufficient  practice  in  the 
addition  of  these  numbers.  Each  number  may  be 
taken  for  the  subject  of  one  lesson ;  and  before 
the  pupils  have  recourse  to  the  written  exercises, 
verbal  solutions  must  be  given  of  questions  refer- 
ring to  that  number.  The  pupils  should  give  ques- 
tions to  the  class. 


Answers  to  the  Exercises.     Lesson  I. 

Models.    57  +  10=  50  +  7  +  10=  67. 
83+11=  83  +  10+1=  94. 
149  +  12  =  149  +  10  +  2=161. 
19=217  +  ]0  +  9=236. 
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To  add  10.  To  add  II.  To  add  12. 


Ans.  1. 

59 

Ans.  1. 

94 

Ans.  1. 

61 

2. 

68 

2. 

68 

2. 

65 

3. 

86 

3. 

106 

3. 

90 

4. 

105 

4. 

114 

4. 

98 

5. 

111 

5. 

128 

5. 

105 

6. 

137 

6. 

165 

6. 

117 

7. 

163 

7. 

160 

7. 

170 

8. 

210 

8. 

187 

8. 

247 

To  add 

13. 

To  add 

14. 

To  add 

15. 

Ans.  1. 

61 

Ans.  1. 

51 

Ans.  1. 

79 

2. 

70 

2. 

72 

2. 

90 

3. 

99 

3. 

83 

3. 

102 

4. 

108 

4. 

87 

4. 

111 

5. 

130 

5. 

100 

5. 

132 

6. 

172 

6. 

111 

6. 

138 

7. 

201 

7. 

128 

7. 

153 

8. 

206 

8. 

150 

8. 

157 

9. 

218 

9. 

171 

9. 

166 

10. 

251 

10. 

293 

10. 

193 

To  add 

16. 

Ans.  1. 
2. 
3. 

74 
91 
105 

Ans.  4. 

5. 
6. 

114 
133 
140 

Ans.  7. 
8. 
9. 
10. 

165 
169 
202 
213 
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To  add  17.  To  add  18. 

Am.  1.          84  Am.  1.          77 

2.  102  2.  94 

3.  114  3.  112 

4.  153  4.  131 

5.  160  5.  155 

6.  194  6.  176 

7.  212  7.  147 

8.  248  8.  204 

9.  275                     9.  315 
10.        306                   10.  336 

• 

To  add  19. 


Am.  1  . 

77 

Ans.  5. 

146 

Ans.  9. 

236 

2. 

106 

6. 

151 

10. 

278 

3. 

112 

7. 

194 

11. 

327 

4. 

133 

8. 

202 

12. 

408 

From  the  mode  hitherto  pursued,  the  teacher 
will  perceive  how  he  should  treat  the  addition  of 
the  numbers  which  follow.  We  have  only  to  guard 
him  against  introducing  any  ready  mode  of  solving 
the  exercises ;  as,  for  instance,  that  of  arranging 
the  numbers  according  to  their  local  values.  These 
exercises  are  only  valuable,  in  as  much  as  they  are 
solved  mentally.  The  work  upon  the  slate  must 
exhibit  the  process  of  the  mind:  thus,  if  it  be 
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required   to  add  79  and  48,  the  pupils  proceed 
mentally,  in  the  following  manner :  — 

79  more  48,  are  79  more  40,  more  8,  which  are 
119  more  8;  that  is,  127. 

And  upon  the  slate,  the  same  has  the  following 
form :  — 

79  +  48= 79  +  40  +  8  =  119  +  8=127. 

And  this  mode  of  showing  the  work  upon  the 
slate,  it  is  advisable  to  continue,  till  the  pupils 
have  acquired  sufficient  practice  in  numeration  ; 
after  which,  it  may  be  abandoned,  the  pupils, 
simply  writing  down  the  answer,  in  the  usual 
manner. 


LESSON  II.     To  add  20,  21,  22 29. 

Answers  to  the  Exercises. 

Ans.l.        57         Ans.9.      207       ,4^.17.      405 
2.        66  10.      226  18.      412 


3. 

98 

11. 

274 

19. 

425 

4. 

111 

12. 

296 

20. 

440 

5. 

121 

13. 

318 

21. 

449 

6. 

138 

14. 

330 

22. 

66 

7. 

154 

15. 

363 

23. 

75 

8. 

165 

16. 

394 

24. 

84 
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LESSON  III.     To  add  30,  31,32 39. 


Am.  1. 

88 

Ans.  8. 

271 

Am.  15. 

562 

2. 

118 

9. 

304 

16. 

93 

3. 

131 

10. 

386 

17. 

99 

4. 

150 

11. 

480 

18. 

102 

5. 

172 

12. 

500 

19. 

108 

6. 

209 

13. 

522 

20. 

114 

7. 

233 

14. 

540 

<IV 

To  add 

40,  41, 

42  49 

Au.1. 

129 

Ans.  6. 

J.W  )   •*••*-} 

365 

Ans.  11. 

178 

2. 

138 

7. 

375 

12. 

186 

3. 

190 

8. 

404 

13. 

193 

4. 

282 

9. 

166 

14. 

130 

5. 

320 

10. 

170 

LESSONT  V. 

To  add 

50,  51, 

52  59. 

Ans.  1. 

123 

Ans.  6. 

232 

Ans.  11. 

169 

2. 

134 

7. 

241 

12. 

176 

3. 

149 

8. 

292 

13. 

170 

4. 

172 

9. 

376 

14. 

201 

5. 

190 

10. 

433 
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JLJJ. 

Ans.  1. 

127 

Am.  6. 

340 

.Ans.  11. 

216 

2. 

146 

7. 

384 

12. 

241 

3. 

189 

8. 

414 

13. 

272 

4. 

241 

9. 

453 

14. 

387 

5. 

258 

10. 

496 

LE 

1SSON 

VII.  To  adc 

no,  71 

79. 

.Aws.  1. 

128 

Ans.  5. 

330 

Ans.  9. 

665 

2. 

151 

6. 

464 

10. 

733 

3. 

169 

7. 

514 

11. 

207 

4. 

216 

8. 

521 

12. 

238 

LEI 

SSON 

VIII.  To  adi 

d  80,  81 

89. 

156 

Ans.  5. 

297 

Ans.  9. 

752 

2. 

178 

6. 

480 

10. 

865 

3. 

227 

7. 

544 

11. 

290 

4. 

261 

8. 

624 

12. 

224 

LE 

SSON 

IX.  To  add 

90  91 

99 

^Lws.  1. 

177 

Ans.  5. 

569 

Ans.  9. 

917 

2. 

234 

6. 

632 

10. 

1042 

3. 

350 

7. 

783 

11. 

264 

4. 

479 

8. 

871 

12. 

256 
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LESSON  X.    Promiscuous  Questions. 

Note.    The  numbers,  21,  41,  61,  81,  and  79,  are 
not  included  in  the  five  first  questions. 

Ans.l.      210       AnsA.       755         Ans.7.  792 

2.  355              5.       870                8.  940 

3.  555              6.       381                 9.  2082 

10.  2492 
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CHAPTER  II.— SUBTRACTION. 

LESSON  I.     To  subtract  1,  10,  and  11. 

THE  mode  of  proceeding  in  subtraction  may  be 
anticipated,  from  the  manner  in  which  addition 
has  been  treated  ;  according  to  which,  1  would  be 
subtracted,  then  2,  next  3,  and  so  on.  But  since 
the  pupils  are,  at  this  stage,  acquainted  with  the 
distribution  of  numbers  into  tens,  it  will  be  in 
nowise  unsuitable  to  avail  ourselves  of  their  know- 
ledge, and  to  apply  it  to  the  subtraction  of  tens 
simultaneously  with  that  of  units.  Thus,  then,  if 
the  pupils  once  know  how  to  subtract  one,  they 
will  require  but  a  slight  effort  to  subtract  one  ten, 
one  hundred,  one  thousand,  &c.  and  even  to  sub- 
tract one  ten  more  one,  that  is,  11.  Again,  if  the 
subtraction  of  2  be  known,  that  of  2  tens,  2  hun- 
dreds, &c.,  of  10  +  2,  and  of  2  tens +  2,  may  be 
considered  as  necessary  consequences.  A  similar 
plan  is  to  be  adopted  with  regard  to  the  numbers, 
3,  30,  300,  &c. ;  13,  23,  and  33 ;  and  with  the 
numbers  following,  as  will  be  shown  in  the  lessons. 


SUBTRACTION,  49 

Teacher.  From  1  take  away  1 ;  what  remains? 

Pupils.  Nothing. 

T.  Instead  of  "  take  away,"  it  is  usual  to  say 
subtract;  hence,  from  1  subtract  1,  what  re- 
mains ? 

P.  Nothing. 

T.  Which  word  did  we  use  when  we  had  to  add 
1  and  1 ? 

P.  We  said  1  more  1. 

T.  Here,  now,  we  have  to  take  away  or  to 
subtract  1  ;  which  word  will  express  this  shortly? 

P.  1  less  1. 

T.  In  your  written  exercises  you  substituted  a 
sign  for  the  word  more;  what  was  it? 

P.  The  sign  +. 

T.  Instead  of  the  word  "  less,"  we  will  use  an- 
other sign,  viz.  this,  — .  Express,  now,  on  your 
slates  the  result  obtained  by  taking  1  from  1. 

P.  1-1=0. 

T.  What  is  the  result  called,  when  two  or  more 
numbers  are  added  ? 

P.  Their  sum. 

T.  What  would  you  call  the  result  obtained  by 
taking  one  number  from  another  number? 

P.  Their  difference. 

T.  From  2  take  1 ;  what  remains  ? 
From  2  subtract  1 ;  what  remains  ? 
What  is  the  difference  between  2  and  1  ? 
From  3  take  1 ;  what  remains? 
From  3  subtract  1 ;  what  remains  ? 
D 


50 


LESSONS    ON    NUMBER. 


What  is  the  difference  between  3  and  1  ? 
How  much  is  4  less  1  ? 
. .      5  less  1  ? 
&c.     &c. 

The  result  of  these  exercises  must  be,  that  the 
pupils  are  able  readily  to  proceed  thus  : 

Class  count:  1  less  1  is  0; 

2  less  1  is  1  ; 

3  less  1  is  2  ; 

4  less  1  is  3 ; 
&c.  &c. 

100  less  1  is  99. 

To  subtract  10. 

Teacher.  From  which  numbers  can  10  be  sub- 
tracted ? 

Pupils.  From  10,  and  those  numbers  which  are 
more  than  10. 

T.  From  10  take  10;  what  remains? 

P.  Nothing. 

T.  Decompose  11  into  tens  and  units. 

P.  11  is  10  more  1. 

T.  If,  then,  from  11,  10  be  taken  away,  what 
must  remain  ? 

P.   1. 

T.  Decompose  12  into  tens  and  units. 

P.   12  is  10  more  2. 
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T.  If,  then,  from  12,  10  be  taken  away,  what 
remains  ? 
P.  2. 

T.  [Proceeds  in  a  similar  manner  with  13,  14, 
15,  &c.]     Decompose  19  into  tens  and  units.     If, 
now,  10  be  taken  from  19,  what  remains? 
P.  9. 

T.  Decompose  20  into  tens. 
P.  20  is  2  tens. 

T.  If,  then,  from  20,  or  2  tens,  1  ten  be  taken, 
what  remains  ? 
P.  10. 

T.  Decompose  21  into  tens  and  units. 
Take  10  from  21,  what  remains? 
Decompose  22  into  tens  and  units. 
Take  10  from  22,  what  remains? 

The  pupils  will  experience  no  difficulty  in  sub- 
tracting 10  from  the  numbers  which  follow,  if  the 
subject  be  treated  in  this  manner.  The  result 
must  be,  that  the  class  be  able  to  proceed  readily 
thus  : 

Class  count:  10  less  10  is  0 ; 

11  less  16  is  1  ; 

12  less  10  is  2  ; 

13  less  10  is  3 ;  &c.  &c. 
78  less  10  is  68 ; 

100  lest  10  is  90;  &c.  8cc. 
D  2 
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To  subtract  11. 

Teacher.  You  have  learnt  to  subtract  1,  and 
likewise  10 ;  can  you  tell  what  other  number  you 
are  now  able  to  subtract? 

Pupils.  11. 

T.  Why? 

P.  Because  11  is  10  more  1. 

T.  From  which  numbers  can  11  be  subtracted? 

P.  From  11,  and  those  numbers  which  are  more 
than  11. 

T.  If,  then,  it  be  required  to  take  11  from  any  of 
these  numbers,  what  would  you  do? 

P.  First  take  away  10,  and  then  1. 

T.  Subtract  11  from  47. 

P.  47  less  11  is  47  less  10,  less  1 ;  47  less  10  is 
37  ;  37  less  1  is  36,  the  answer. 

The  pupils  are  now  required  to  give  questions  to 
the  class ;  after  which  the  exercises,  Part  II.  are 
taken  up  for  further  practice. 

Answers  to  the  Exercises.     Lesson  I. 

Model.     100-1=99.       57-10=47. 

340-11  =  304-10-1  =  294-1  =  293. 

Am.  1.      99,  98,  97,  &c. 

2.  203,  193,  183,  173,  &c. 

3.  336,  325,  314,  303,  292,  &c. 
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Ans.4.   140    Am.  6.   879    Ans.S.   990 
5.   769       7.   893       9.  1034 

10.  1293 

LESSON  II. 

To  subtract  2,  12,  20,  and  22. 

In  this  lesson  the  pupils  have  actually  to  learn 
to  subtract  2  from  the  units,  and  from  10  and  11 ; 
this  being  known,  they  must  be  led  to  refer  all 
further  subtractions  of  2,  12,  20,  and  22  to  these 
results. 

Teacher.  If  2  is  to  be  taken  from  any  number, 
what  would  you  do  ? 

Pupils.  First  take  away  1,  and  then  1  again. 

T.  Put  on  your  slates  the  numbers  2,  3. ...  11  j 
from  each  take  away  2,  and  commit  the  answers  to 
memory.  This  done, 

Class  count :  2  less  2  is  0 ; 

3  less  2  is  1 ; 

4  less  2  is  2 ; 

&c. 

11  less  2  is  9. 

T.  Do  you  think  it  necessary  to  learn  by  heart 
the  answers  obtained  by  subtracting  2  from  12, 13, 
14,  &c.,  and  all  other  numbers? 
P.  No ;  for  12  is  10  more  2 ; 

13  is  10  more  3; 

14  is  10  more  4;  &c. 

and  we  know  what  remains  if  2  be  taken  from  2 ; 
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hence  we  know  too  what  remains  if  2  be  taken 
from  10  more  2,  that  is  from  12 ;  and  so  on  with 
the  other  numbers. 

T.  Take  2  from  21 ;  how  will  you  proceed  in 
this  instance? 

P.  21  is  twenty  more  1,  or  10  more  11 ;  and  2 
taken  from  11  is  9;  therefore  2  taken  from  21 
is  19. 

T.  Name  another  number  which  would  cause 
you  to  proceed  in  a  similar  manner. 

P.  31,  41,  51,  &c. 

T.  Give  questions  to  the  class. 

To  subtract  12,  20,  21,  and  22. 

Teacher.  Since  you  know  now  how  to  subtract 
2,  can  you  tell  what  other  numbers  you  are  now 
able  to  subtract  ? 

Pupils.  10  more  2  or  12. 

T.  Besides  12  there  are  other  numbers  which 
you  will  be  able  to  subtract  very  easily ;  which 
are  they  ? 

P.  2  tens  or  20  ;  20  more  1  or  21 ;  and  20  more 
2  or  22. 

T.  How  much  is  57  less  12? 

P.  57  less  12  is  57  less  10  less  2 ; 
57  less  10  is  47  ;  47  less  2  is  45 ; 
therefore  57  less  12  is  45. 

T.  How  much  is  89  less  20  ? 
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P.  89  less  20  is  80  more  9  less  20 ; 

or,  8  tens  less  2  tens,  more  9,  which  are, 

6  tens  more  9,  or  69. 
T.  How  much  is  90  less  21  ? 
P.  90  less  21  is  90  less  20  less  1 ; 

90  less  20  is  70 ;  70  less  1  is  69,  the  answer. 
'  T.  How  much  is  71  less  22? 
P.  71  less  22  is  71  less  20  less  2 ; 

71  less  20  is  51 ;  51  less  2  is  49,  the  answer. 

The  pupils  are  required  to  give  similar  solutions 
to  the  questions.  The  teacher  is  recommended  to 
proceed  slowly,  and  to  dwell  upon  each  subject 
until  the  pupils  have  acquired  sufficient  facility. 

Answers  to  the  Exercises.     Lesson  II. 

Am.  1.  98,  96,  94,  92,  80,  &c. 

2.  188,  176,  164,  152,  140,  128,  &c. 

3.  387,  367,  347,  327,  307,  &c. 

4.  359,  338,  317,  296,  275,  254, 233, 212, 

191,  170,  149,  &c. 

5.  329,  307,  285,  263,  241,  219, 197, 175, 

153,  131,  109,  87,  65,  43,  21. 

Ans.6.  49    Am.  11.   159    Ans.  16.  549 

7.  75       12.   178       17.  595 

8.  73       13.   325       18.  680 

9.  83       14.   395       19.  751 
10.  97       15.   487       20.  839 

21.   879 
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LESSON  III. 

To  subtract  3,  13,  23,  30,  32,  and  33. 

What  the  pupils  have  actually  to  learn  is,  to 
subtract  3  from  3,  4,  5,  6,  7,  8,  9,  10,  11,  and  12. 
This  being  known,  but  a  slight  effort  on  their  part 
will  enable  them  to  subtract  3  from  the  numbers 
above  12. 

Again,  they  know  how  to  subtract  10 ;  they  like- 
wise know  how  to  subtract  3 ;  they  will  experience 
no  difficulty  in  subtracting  10  +  3,  or  13. 

The  same  remark  applies  to  the  subtraction  of 
20  +  3,  or  23. 

Also,  if  the  pupils  know  how  to  subtract  3,  they 
must,  for  the  same  reason,  be  able  to  subtract  3 
tens,  or  30;  and,  finally,  combining  this  and  the 
previous  lessons  with  the  subtraction  of  30,  to 
apply  the  same  reasoning  to  subtract  30  +  2,  and 
30  +  3. 

The  mode  to  which  the  teacher  has  to  resort,  in 
order  to  obtain  from  his  pupils  the  above  result, 
has,  it  is  thought,  been  sufficiently  shown  in  the 
previous  lessons.  There  is  nothing  to  prevent 
applying  the  same  reasoning  to  the  subtraction  of 
300,  303,  313,  323,  330,  332,  and  333,  and  even 
thousands.  The  questions,  however,  have  only 
been  adapted  to  tens,  from  the  consideration  that 
these  exercises  are  intended  for  children,  whose 
age  will  justify  us  in  being  content  to  receive  a 
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ready  and  correct  answer  to  a  question  similar  to 
the  following :  "  What  is  the  difference  between 
705  and  33  ?" 

Answers  to  the  Exercises.    Lesson  III. 

Ans.  1.  84,  81,  78,  75,  72,  69,  66,  63,  60,  57, 
54,  8cc. 

2.  92,  79,  66,  53,  40,  27,  14,  1. 

3.  148,  125,  102,  79,  56,  33,  10. 

4.  171,141,111,81,51,21. 

5.  239,  207,  175,  143,  III,  79,  47,  15. 

6.  309,  276,  243,  210,  177,  144,  111,  78, 

45,  12. 


Ans.  7. 

155 

Ans.  11. 

385 

Ans.  15. 

578 

8. 

158 

12. 

447 

16. 

668 

9. 

1'29 

13. 

487 

17. 

771 

10. 

275 

14. 

539 

18. 

772 

LESSON  IV. 

To  subtract  4,  14,  24,  34,  40,  41,  42,  43,  and  44. 

What  the  pupils  have  actually  to  learn  in  this 
lesson  is,  to  subtract  4  from  4,  5,  6,  &c.. .  13  ;  this 
known,  the  pupils  must  be  left  to  discover  that. 

1.  They  are  now  able  to  subtract  4  from   the 
succeeding  numbers  14,  15,  &c. 

2.  Also  10 +  4  from  14,  15,  8cc. 

3.  Also  20  +  4  from  24,  25,  &c. 
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4.  Likewise  30  4-4  from  34,  8cc. 

5.  Again,  40  from  40,  41,  &c. 

6.  Similarly,  40+1,  40  +  2,  40  +  3,  and,  finally, 
40  +  4  from  41,  &c. ;  42,  8cc.;  43,  &c. ;  and  44, 
&c. 

Let  it  be  understood,  that  the  pupils  must  make 
the  discovery  themselves,  otherwise  they  will  not 
feel  interested.  It  is  also  necessary  to  dwell  upon 
each  subject,  to  give  questions,  and  let  each  of 
the  pupils  give  questions,  which  are  to  be  solved 
mentally,  before  the  exercises,  Part  II.  are  taken 
up. 


Answers  to  the  Exercises.     Lesson  IV. 

Am.  I.  93,  89,  85,  81,  77,  73,  69,  65,  61,  57, 
53,  &c. 

2.  97,83,  69,  55,41,27,  13. 

3.  199,  175,  151,  127,  103,  79,  55,  31,  7. 

4.  169, 135,  101,  67,  32. 

5.  247,  207,  167,  127,  87,  47,  7. 

6.  329,  288,  247,  206,  165,  124,  83,  42,  1. 

7.  359,  317,  275,  233,  191,  149,  107,  65, 

23. 

8.  489,  446,  403,  360,  317,  274,  231,  188, 

145,  102,  59,  16, 

9.  559,  515,  471,  427,  383,  339,  295,  251, 

207,163,119,75,31. 
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By   subtracting  the    lesser  number   from   the 
greater. 


Ans.  10. 

57 

Ans.  14. 

89 

Ans.  18. 

529 

11. 

118 

15. 

159 

19. 

599 

12. 

49 

16. 

189 

20. 

668 

13. 

67 

17. 

279 

21. 

779 

LESSON  V. 

To  subtract  5,  15,  25,  35,  45,  50,  51,  52,  53,  54, 
and  55. 

In  this  lesson,  again,  the  pupils  have  only  to 
learn  to  subtract  5  from  5,  6,  7,  &C....14,  and 
then  to  apply  the  rest  to  these  results ;  and  since, 
from  the  mode  of  proceeding  in  the  previous  les- 
sons, the  pupils  must  have  become  aware,  by  this 
time,  of  the  sort  of  inquiries  to  which  the  subject 
necessarily  gives  rise,  the  teacher  ought  to  gene- 
ralise his  questions  more;  thus: 

Teacher.  When  in  our  last  lesson,  you  learnt  to 
subtract  4,  which  were  the  numbers  you  found  it 
sufficient  to  know  to  subtract  4. 

Pupils.  From  4,  5,  6,  7,  8,  9,  10,  11,  12,  and 
13. 

T.  When  you  knew  this,  what  followed  ? 

P.  We  then  could  take  away  4  very  easily  from 
every  other  number. 


60  LESSONS    ON    NUMBER. 

T.  Can  you  tell  from  which  numbers  you  must 
learn  to  subtract  5,  so  as  to  be  able  to  subtract  5 
readily  from  every  number? 

P.  From  5,  6,  7,  8,  9,  10,  11, 12,  13,  and  14. 

T.  If  you  know  this,  can  you  then  subtract  5 
from  every  number? 

P.  Yes;  for  15  is  10  +  5;  and  if  we  know  how 
to  subtract  5  from  5,  we  likewise  know  how  to  sub- 
tract 5  from  10  +  5,  or  from  20  +  5,  30  +  5,  See. 
And  if  we  know  how  to  subtract  5  from  6,  we  like- 
wise know  how  to  subtract  5  from  10  +  6,  20  +  6, 
30  +  6,  &c.  and  so  on  with  the  other  numbers. 

T.  Then  write  on  your  slates  the  numbers  you 
have  mentioned  ;  subtract  5  from  each,  and  learn 
it  by  heart. 

This  done,  questions  are  given  by  the  teacher, 
and  afterwards  by  the  pupils,  for  practice.  Next, 

T.  Is  this  all  you  have  learnt  by  committing 
these  answers  to  memory,  or  are  there  yet  other 
numbers  which  you  are  now  able  to  subtract  as 
readily  as  5  ? 

P.  We  can  likewise  subtract  10  +  5,  20  +  5, 
30  +  5,  40  +  5,  50,  51,  52,  53,  54,  and  55. 

T.  Explain  how  is  it,  that  by  knowing  how  to 
subtract  5,  you  are  able  to  subtract  10  +  5? 

P.  We  have  learnt  to  subtract  10  in  the  first 
lesson,  and  now  we  have  learnt  to  subtract  5, 
therefore  we  must  be  able  to  subtract  10  +  5. 
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T.  Explain  how  it  is  you  are  able  to  subtract  25, 
35,  45,  &c. 

P.  [Give  similar  reasons  as  above.] 

Questions  are  now  given  by  the  teacher,  and 
afterwards  by  the  pupils,  the  results  required  to  be 
explained,  and,  finally,  the  exercises,  Part  II.  are 
taken  up  for  further  practice. 

Answers  to  the  Exercises.     Lesson  V. 

Arts  I.     78,  73,  68,  63,  58,  53,  48,  43,  38,  33, 
&c. 

2.  109,  94,  79,  64,  49,  34,  19,  4. 

3.  206,  181,  156,  131,  106,  81,  56,  31,  6. 

4.  337,  302,  267,  232,  197,  162,  127,  92, 

57,  22. 

5.  441,  396,  351,  306,  261,  216, 171, 126, 

81,36. 

6.  534,  484,  434,  384,  334,  284,  234, 184, 

134,  84. 

7.  546,  495,  444,  393,  342,  291,  240, 189, 

138,  87,  36. 

8.  596,  544,  492,  440,  388, 336,  284,  232, 

180,  128,  76,  24. 

9.  844, 791,  738,  685,  632,  579,  526,  473, 

420, 367, 314,  261, 208, 155, 102, 49. 
10.     939,  885,  831,  777,  723,  669,  615,  561, 
507,  453,  399,  345,  291,  237,  183, 
129,  75,  21. 
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Ans.II.  946,  891,  836,  781,  726,  671,  616, 
561,  506,  451,  396,  341,  286,  231, 
176,  121,66,11. 

12.  By  adding  the  numbers. 

Model. 

13.  103  +  15=118,  sum; 

103-15  =  103-10-5  =  93-5  = 
88,  difference. 

14.  233,  sum;  183,  difference. 


15. 

416 

..   346 

16. 

462 

..   372 

17. 

633 

..   533 

18. 

701 

..   599 

19. 

763 

..   659 

20. 

879 

..   769 

21. 

989 

..   879 

22. 

1178 

..  1068 

LESSON  VI. 

To  subtract  6,  16,  26,  36,  46,  56,  60,  61,  62,  63, 
64,  65,  and  66. 

The  pupils  have  to  learn  in  this  lesson  to  sub- 
tract 6  from  6,  7,  8. ...  15 ;  the  rest  is  obvious. 

Answers  to  the  Exercises.     Lesson  VI. 
Am.  1.    94,  88,  82,  76,  70,  64,  58,  52,  46,  40 
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Ans.  2.  122,  106,  90,  74,  58,  42,  26,  10. 

3.  153,  127,  101,  75,  49,  23. 

4.  177,  141,  105,  69,  33. 

5.  239,  193,  147,  101,  55,  9. 

6.  263,  207,  151,  95,  39. 

7.  334,  274,  214,  154,  94,  34. 

8.  426,  365,  304,  243,  182,  121,  60. 

9.  511,  449,  387,  325,  263,  201,  139,  77, 

15. 

10.  578,  515,  452,  389,  326,  263,  200, 137, 

74,  11. 

11.  718,  654,  590,  526,  462, 398, 334,  270, 

206, 142,  78, 14. 

12.  768,  703,  638,  573,  508, 443,  378,  313, 

248,  183,  118,53. 

13.  851,  785,  719,  653,  687,  521,  455,  389, 

323,  257,  191,  125,  59. 

Ans.  14.  523   Ans.  16.  787   Ans.  18.   946 
15.  647      17.  878      19.  1042 


LESSON  VII. 

To  subtract  7,  17,  27,  37,  47,  57,  67,  70,  71,  72, 
73,  74,  75,  76,  and  77. 

Answers  to  the  Exercises. 

Ans.  1.     97,  90,  83,  76,  69,  62,  55,  48,  41,  34, 

27,  &c. 
2.    142,  125,  108, 91,  74,  57,  40,  23. 
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Ans.3.  166,  139,  112,  85,  58,  31,  4. 

4.  177,  140,  103,  66,  29. 

5.  225,  178,  131,  84,  37. 

6.  284,227,  170,113,56. 

7.  325,258,  191,  124,57. 

8.  373,  303,  233,  163,  93,  23. 

9.  422,  351,  280,  209,  138,  67. 

10.  502,  430,  358,  286,  214,  142,  70. 

11.  588, 515, 442, 369, 296,  223, 150, 77, 4. 

12.  674,  600,  526,  452,  378,  304,  230, 156, 

82,8. 

13.  751,  676,  601,  526,  451,  376,  301,  226, 

151,76,  1. 

14.  857,  781,  705,  629,  553,  477,  401,  325, 

249,  173,  97,  21. 

15.  923,  846,  769,  692,  615,  538,  461, 384, 

307,  230,  153,  76. 

16.  Sum  =  391;  difference  ==  237. 

17.  Sum  =  530;  difference  =  376. 


LESSON  VIII. 

To  subtract  8,  18,  28,  38,  48,  58,  68,  78,  80,  81, 
82,  83,  84,  85,  86,  87,  and  88. 

Answers  to  the  Exercises. 

Ans.  1.     113, 105,  97,  89, 81,  73, 65, 57, 49,  41, 33, 
25,  17,9,  1. 
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Ans.2.  175,  157,139,  121,  103,  85,  67,  49, 
31,  13. 

3.  185,  157,  129,  101,  73,  45,  17. 

4.  233,195,157,119,81,43,5. 

5.  248,  200,  152,  104,  56,  8. 

6.  275,  217,  159,  101,  43. 

7.  319,251,  183,  115,47. 

8.  366,  288,  210,  132,  54. 

9.  470,  390,  310,  230,  150,  70. 

10.  586,  505,  424,  343,  262,  181,  100,  19. 

11.  691,  609,  527,  445,  363,  281,  199, 117, 

35. 

12.  754,  671,  588,  505,  422,  339,  256, 173, 

90,7. 

13.  804, 720,  636,  552,  468,  384,  300, 216, 

132,  48. 

14.  858,  773,  688,  603,  518, 433,  348, 263, 

178,  93,  8. 

15.  906,  820,  734,  648,  562,  476,  390, 304, 

218,  132,  46. 

16.  913,  826,  739,  652,  565, 478,  391,  304, 

217,  130,  43. 

17.  1023,  935,  847,  759,  671,  583,  495, 

407,  319,  231,  143,  55. 


LESSON  IX. 

To  subtract  9,  19,  29,  39,  49,  59,  69,  79,  89,  90, 
91,  92,  93,  94,  95,  96,  97,  98,  and  99. 
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Answers  to  the  Exercises. 

Am.  I.  92,  83, 74,  65, 66, 47,  38,  29,  20, 1 1 ,  2. 

2.  163,  144,  125,  106,  87,  68,  49,  30,  11. 

3.  175,146,117,88,59,30,1. 

4.  231,  192,  153,  114,  75,  36. 

6.  307, 258,  209,  160,  111,  62,  13. 

6.  324,  265,  206,  147,  88,  29. 

7.  378,  309,  240,  171,  102,  33. 

8.  474,  395,  316,  237,  158,  79,  0. 

9.  576,  487,  398,  309, 220,  131, 42. 

10.  641,  551,  461,  371,  281,  191,  101,  11. 

11.  828,  737,  646,  555,  464,  373,  282, 191, 

100,  9. 

12.  857, 765,  673,  581,  489, 397,  305,  213, 

121,  29. 

13.  852,  759,  666, 573,  480,  387,  294, 201 , 

108,  15. 

14.  906,  812,  718,  624,  530,  436,  342, 248, 

154,60. 

15.  1007,  912,  817,  722,  627,  532,  437, 

342,  247,  152,  57. 

16.  1088,  992,  896,  800,  704,  608,  512, 

416,  320,  224,  128,  32. 

17.  1116,  1019,  922,  825,  728,  631,  534, 

437,  340,  243,  146,  49. 

18.  1143,  1045,  947,  849,  751,  653,  555, 

457,  359,  261,  163,  65. 

19.  1238,  1139,  1040,  941,  842,  743,  644, 

545,  446,  347,  248,  149,  50. 


SUBTRACTION.  67 

N.  B.  In  the  subtraction  of  9,  19,  29,  &c.  the 
pupils  must  be  led  to  observe,  that  it  is  easier  to 

subtract  10,  20,  30,  &c.  and  then  to  add  1  to  the 
result. 

Am.  20.  Sum  =     107;  difference    =    31. 

21.  ..  =     143;  ..  =    29. 

22.  ..  =     134;  ..  =    44. 

23.  ..  =    208;  ..  =    22. 

24.  . .  =    335 ;  . .  =  139. 

25.  . .  =    428 ;  . .  =  254. 

26.  . .  =    547 ;  . .  =  349. 

27.  . .  =    678 ;  . .  =  484. 

28.  ..  =711;  ..  =515. 

29.  . .  =    866 ;  . .  =  688. 

30.  . .  =    897 ;  . .  =  739. 

31.  ..  =  1001;  ..  =  867. 

32.  ..  =  1005;  ..  =  755. 

33.  ..  =    914;  ..  =628. 

34.  .  =    862;  ..  =464. 

35.  . .  =    759 ;  . .  =  347. 

36.  . .  =    658 ;  . .  =  224. 

37.  ..  =    677;  ..  =    89. 

38.  ..  =600;  ..  =28. 

39.  . .  =    593 ;  . .  =  313. 

40.  ..  =    653;  ..  =  185. 

41.  ..  =  1655;  ..  =  179. 
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CHAPTER  III.  — MULTIPLICATION. 

§  1.    MULTIPICATION    BY    UNITS. 

LESSON  I.     To  multiply  by  1  and  by  2. 

THE  subject  of  multiplication  might  be  treated  like 
that  of  addition ;  and  accordingly  be  begun  by 
taking  or  repeating  a  number  once,  1  ten  times, 
10+1  times,  1  hundred  times,  &c.  The  next  step 
would  be  to  repeat  a  number  twice,  2  ten  times, 
20  +  1  times,  20  +  2  times,  2  hundred  times,  &c.  ; 
and  so  on  with  the  numbers  3,  4,  5,  &c.  For,  de- 
veloped as  the  pupils'  minds  must  be  by  the  fore- 
going, little  effort  is  required  by  them  to  conceive 
a  number  repeated  10  times;  since  to  repeat  1 
10  times  is  evidently  making  1  unit,  1  ten ;  again, 
to  repeat  2  10  times  is  to  make  2,  2  tens,  and  to 
repeat  or  multiply  37  10  times  is  to  make  37, 
37  tens.  This  once  understood,  the  multiplication 
by  11  or  10  +  1  will  immediately  result  from  it. 
Thus,  to  multiply  a  number  by  1 1  is  to  repeat  it 
10  times  (which  is  known),  and  once  more  (which 
is  also  known)  ;  again,  if  it  be  known  how  to  mul- 
tiply the  numbers  1,  2,  3, 10,  by  2,  it 
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follows,  that  the  multiplication  of  10  +  1,  10  +  2, 
10  +  3,  &c.  by  2  is  likewise  known;  and  this  ob- 
tained, the  multiplication  of  any  number  by  10  +  2, 
i.  e.  by  12,  is  immediately  deduced.  Nothing  pre- 
vents them  from  applying  the  same  to  the  multi- 
plication by  20  or  2  tens,  for  it  is  known  how  to 
multiply  by  2  ;  hence  to  multiply  a  number  by 
2  tens,  is  to  take  it  twice;  but  then  the  results  are 
not  units  but  tens.  To  multiply  by  20  +  1  and 
20  +  2  are  the  immediate  results  from  this  consi- 
deration. If,  then,  the  teacher  find  his  class  suf- 
ficiently developed,  it  will  much  more  tend  to  their 
further  development  if  they  pursue  this  course, 
than  if  they  simply  begin  with  multiplying  a 
number  by  2,  next  by  3,  then  by  4,  &c.  This 
healthy  state  of  mind  is,  however,  seldom  found  in 
all  the  pupils  in  a  class,  and  it  then  is  advisable  to 
choose  the  simpler  and  slower  process.  The  same 
objection  ought  not  to  deter  the  teacher  from  treat- 
ing subtraction  in  the  manner  shown  before;  the 
results  there  being  smaller  numbers ;  whereas  in 
multiplication  their  increase  is  sudden  and  great. 
Teacher.  How  much  is  one  1  ? 

How  much  is  one  2  ? 

How  much  is  one  3  ? 

How  much  is  one  4  ? 

How  much  is  one  5  ? 
&c.     &c. 

How  much  is  one  87  ? 
Pupils.  1,  2,  3,  4,  5,  8cc.  87. 
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T.  How  much  is  2  ones  ? 
How  much  is  2  twos  ? 
How  much  is  2  threes  ? 
How  much  is  2  fours  ? 
P.  2,  4,  6,  8. 

T7.  Instead  of  saying,  "  how  much  is  2  ones/'  we 
might  say,  "  how  much  is  1  taken  twice,"  or  "  how 
much  is  twice  1."  How  much  is  twice  5  ?  twice  6  ? 
twice  7  ? 

P.  10,  12,  14. 

I7.  How  much  is  twice  8  ?  twice  9  ?  twice  10  / 
P.  16,  18,  20. 

T.  Repeat  together  twice  1  is  2. 
twice  2  is  4. 

. .  . .        twice  3  is  6. 

&c. 

twice  10  is  20. 
P.  [Repeat.] 

T.  Do  all  of  you  know  this  readily? — if  so,  can 
you  tell  how  much  twice  11  is? 

P.  11  is  10  more  1 ;  hence  twice  11  is  twice  10 
more  twice  1,  which  is  20  more  9,  or  22. 
T.  How  much  is  twice  12? 
P.  Twice  10  more  twice  2,  or  20  more  4,  which 
is  24. 

T.  How  much  is  twice  13  ? 
P.  Twice  10  more  twice  3,  or  20  more  6,  which 
is  26. 

T.  How  much  is  twice  14? 
twice  15? 
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T.  How  much  is  twice  16? 

twice  17  ? 

twice  18? 

twice  19  ? 

P.  Twice  10  more  twice  9,  or  20  more  18,  which 
is  38. 

T.  How  much  is  twice  2  ? 

P.  4. 

T.  How  much  is  twice  2  tens  or  twice  20  ? 

P.  4  tens  or  40. 

T.  How  much  is  twice  3  ? 

P.  6. 

T7.  How  much  is  twice  3  tens  or  twice  30  ? 

P.  6  tens  or  60. 

T.  How  much  is  twice  4  ? 

P.  8. 

T.  How  much  is  twice  4  tens  or  twice  40? 

P.  8  tens  or  80. 

T.  How  much  is  twice  5  tens  or  twice  50  ? 

twice  6  tens  or  twice  60  ? 

twice  7  tens  or  twice  70  ? 

twice  8  tens  or  twice  80  ? 
. .          . .       twice  9  tens  or  twice  90  ? 
. .       twice  10  tens  or  twice  100? 

Class,  repeat:  twice  10  is  20. 
twice  30  is  60. 
twice  40  is  80. 

&c. 
twice  100  is  200. 
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T.  Decompose  21  into  tens  and  units. 

P.  21  is  2  tens  more  1. 

T.  How  much  is  twice  21  ? 

P.  Twice  20  more  twice  1,  or  40  more  2,  which 
is  42. 

T.  How  much  is  twice  22  ? 

P.  Twice  20  more  twice  2,  or  40  more  4,  or  44. 

T.  How  much  is  twice  23  ? 
twice  24  ? 
twice  25  ?  &c. 
twice  31?  twice  32?  &c. 
twice  47  ?  twice  89  ? 

P.  Twice  80  more  twice  9,  or  160  more  18,  which 
is  178. 

T.  How  much  is  twice  147  ? 

P.  Twice  100,  more  twice  40,  more  twice  7,  or 
200  more  80,  more  14,  which  is  294. 

T.  You  have  now  learnt  to  take  any  number 
twice,  or  as  it  is  usually  called  to  multiply  by  2. 
If  you  know  how  to  take  1  twice,  or  to  multiply 
1  by  2,  which  other  numbers  do  you  then  know 
how  to  multiply  by  2  ? 

P.  10,  11,  100,  101,  111,  1000,  Sec. 

T.  Why?  explain. 

P.  Because  twice  1  is  2  ;  therefore  twice  1  ten 
is  2  tens  or  20. 

And  because  11  is  10  more  1,  twice  11  is 
twice  10  more  twice  1,  or  22.  Again,  because 
twice  1  is  2,  therefore  twice  100  is  200,  and 
twice  101  is  twice  100  more  twice  1,  or  202; 
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and  twice  111  is  twice  100,  more  twice  10,  more 
twice  1,  or  222. 

T.  If  you  know  how  to  multiply  2  by  2,  what 
other  numbers  do  you  then  know  how  to  multiply 
by  2? 

P.  20,  21,  22,  200,  201,  202,  221,  222,  &c. 

T.  Explain. 

P.  [Give  similar  reasons  as  before.] 

And  so  on  with  the  other  numbers. 

T.  In  order  then  to  multiply  any  number  what- 
ever by  2,  it  is  sufficient  to  learn  to  multiply  actu- 
ally which  numbers  only? 

P.  The  numbers  1,  2,  3,  4,  5,  &c.  9. 

T.  What  is  the  result  called  when  two  or  more 
numbers  are  added? 

P.  Their  sum. 

T.  In  the  written  exercises  what  sign  did  we  use 
to  indicate  addition? 

P.  The  sign  + . 

T.  What  is  the  result  called  when  a  lesser 
number  is  subtracted  from  a  greater;  and  what 
sign  did  we  use  to  indicate  subtraction  ? 

P.  Their  difference.     We  used  the  sign  — . 

T.  You  have  learnt  to  multiply  numbers  by  2  ; 
the  result  obtained  by  multiplication  is  called 
product ;  and  the  sign  used  to  indicate  multipli- 
cation is  x.  What  is  the  sum,  difference,  and 
product  of  the  numbers  2  and  78? 

P.  Their  sum  is  80 ;  their  difference  76  ;  and 
their  product  156. 
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T.  Write  this  on  your  slates,  using  the  proper 
signs  for  addition,  subtraction,  and  multiplication. 
P.  [Write]     78  +  2=    80  sum. 

78—2=    76  difference. 
78x2=  156  product. 

The  pupils  are  now  called  upon  to  give  ques- 
tions to  the  class  on  the  previous  lesson,  after 
which  the  exercises,  Part  II.  are  taken  up  for  further 
practice. 

Answers  to  the  Exercises.     Lesson  I. 

Models. 

2x17  =  2x10  +  2x7=    20  +  14=    34. 
2x89  =  2x80  +  2x9=  160  +  18  =  176. 
2x178  =  2x100  +  2x70  +  2x8  =  200+140 
+  16  =  356. 

Ans.l.  34  Ans.7.  158  Ans.  13.  414 

2.  56  8.  176  14.  556 

3.  72  9.  192  15.  698 

4.  98  10.  246  16.  974 

5.  114  11.    274  17.  1190 

6.  130  12.     378  18.  1978 

LESSON  II.     To  multiply  by  3. 

Teacher.  How  much  is  2  x  1  ? 
Pupils.  2. 

T.  How  much  more  is  3  x  1? 
P.  1  more. 
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T.  How  much  then  is  3  x  1  ? 

P.  3;  2+1  or  3. 

T.  How  much  is  2  x  2  ? 

P.  4. 

T7.  How  much  more  is  3  x  2  ? 

P.  2  more. 

T7.  How  much  then  is  3  x  2  ? 

P.  4  +  2  or  6. 

T.  How  much  is  2  x  3  ? 

P.  6. 

T7.  How  much  more  is  3  x  3  ? 

P.  3  more. 

T.  How  much  then  is  3  x  3  ? 

P.  6  +  3  or  9. 

T7.  You  have  learnt  to  take  any  number  twice 
or  to  multiply  any  number  by  2,  can  you  tell  what 
must  be  done  to  take  any  number  3  times,  or  to 
multiply  it  by  3  ? 

P.  First  multiply  the  number  by  2,  and  then 
add  the  number  to  the  product. 

T.  Hence  you  are  able  to  multiply  any  number 
by  3  ;  multiply  56  by  3  ? 

P.  2x56  =  112;  therefore  3x56=112  +  56 
=  168. 

T.  Would  it  not  be  more  convenient  to  be  able 
to  tell  at  once  the  product  of  any  number  by  3 
without  first  multiplying  it  by  2?  The  products  of 
which  number  is  it  sufficient  to  know  in  order  to 
do  this?  [should  this  question  not  be  answered  in  a 
satisfactory  manner]  — 

E  2 
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T.  [continues.]  The  products  of  which  numbers 
is  it  sufficient  to  know  in  order  to  multiply  any 
number  by  2  ? 

P.  Of  the  numbers  1,  2,  3,  &c.  9. 

T.  See  whether  it  be  sufficient  to  know  the  pro- 
ducts of  these  same  numbers  by  3. 

P.  Yes  ;  no 

T.  Suppose  you  know  how  much  3  x  1  is ;  can 
you  tell  how  much  3  x  10  is  ? 

P.  Yes,  for  3  x  1  =  3,  therefore  3  x  1  ten  =  3 
tens,  or  3  x  10  =  30. 

T.  And  if  you  know  how  much  3x10  is,  can 
you  tell  how  much  3x11  is? 

P.  Yes,  for  1 1  =  10+  1,  therefore  3  x  11  =  3  x 
10  +  3x1  =30  +  3  =  33. 

T.  You  know  how  much  3  x  2  is,  and  I  think 
you  are  able  to  ascertain  from  this  readily  how 
much  3  x  20  is. 

P.  Yes ;  for  3  x  2  =  6,  therefore  3x2  tens  =  6 
tens,  or  3  x  20  =  60. 

T.  And  now  I  think,  too,  you  are  able  to  tell  how 
much  3  x  12  is. 

P.  Yes,  for  12  =  10  +  2,  therefore  3  x  12  =  3  x 
10  +  3x2  =  30  +  6  =  36. 

T.  There  are  yet  at  least  two  other  numbers 
-which  you  are  able  to  multiply  by  3,  which  are 
they? 

P.  21  and  22;  for  3  x  21  =  3  x20  +  3  x  1  =  60 
+  3  =  63:  and  3x22  =  3x20  +  3x2  =  60  +  6 
=  66. 
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T.  What  do  you  now  think  of  my  former  ques- 
tion? 

P.  If  we  know  the  products  of  the  numbers  1, 

2,  3,  10,  by  3,  we  shall  be  able  to  find 

readily  those  of  any  other  number. 

T.  Then  find  the  products  of  these  10  numbers ; 
write  them  on  your  slates  and  learn  by  heart. 
When  known  — 

Class  repeat:         3x1=3. 

3x2  =  6. 

3x3  =  9. 
&c. 

3x10  =  30. 
T.  Apply  this  to  tens. 

Class  repeat :  3  x  10  =  30. 
3  x  20  =  60. 
3x30  =  90. 

&c. 
3x100  =  300. 

Here  follow  promiscuous  questions  given  at  first 
by  the  teacher,  and  then  by  the  pupils ;  every  an- 
swer, right  or  wrong,  must  be  subjected  to  the  deci- 
sion of  the  class,  a  practice  much  recommended, 
as  inducing  the  pupils  to  take  a  lively  interest,  and 
thereby  sustaining  their  attention. 

Example.  How  much  is  3  x  89  ? 

P.  267;  for  3x89=3x80  +  3x9  =  240  +  27 
=  267. 
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Answers  to  the  Exercises.     Lesson  II. 


Am.  1. 

Ill 

Ans.l. 

729 

Ans.  13. 

2064 

2. 

177 

8. 

807 

14. 

2391 

3. 

234 

9. 

1155 

15. 

2508 

4. 

.288 

10. 

1428 

16. 

2625 

5. 

339 

11. 

1779 

17. 

2961 

6. 

387 

12. 

1872 

18. 

3702 

LESSON  IV.     To  multiply  by  4. 

According  to  the  plan  detailed  in  the  previous 
lessons,  the  pupils  must  be  led  to  ascertain, 

1 .  That  to  multiply  a  number  by  4,  is  to  multi- 
ply it  first  by  3,  and  then  to  add  the  number  to  the 
product. 

2.  That  it  is  sufficient  to  know  the  products  of 
the  units  by  4,  in  order  to  multiply  any  number  by 
4.     Hence  the  necessity  of  actually  learning  these 
products  by  heart. 

3.  This  done,  the  results  are  immediately  applied 
to  the  multiplication  of  tens  by  4. 

4.  Questions  are  given  by  the  teacher  and  each 
pupil,  in  turn. 

5.  The  exercises,  Part  II.  are  taken  up. 

Here  follow  a  few  questions,  with  their  solutions, 
such  as  the  pupils  must  be  able  to  give,  before  they 
begin  the  next  lesson. 
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Question.  How  much  is  4  x  39  ? 
Answer.  156 ;  for  4  x  39  =  4  x  30  +  4  x  9 

=  120  +  36=  156. 
Q.  What  is  the  product  of  87  and  4. 
A.  348;  for  4x87  =  4x80  +  4x7 

=  320  +  28  =  348. 
Q.  Multiply  178  by  4. 

A.  712;  for  4x178  =  4x100  +  4x70  +  4x8 
=  400  +  280  +  32  =  680  +  32  =  712. 

Answers  to  the  Exercises*    Lesson  III. 

Am.  1.  188  Ans.7.  556  Ans.]3.  1468 

2.  236  8.  628  14.  1556 

3.  296  9.  876  15.  1772 

4.  348  10.  992  16.  2348 

5.  392  11.  1108  17.  2712 

6.  420  12.  1300  18.  3156 

LESSON  IV.     To  multiply  by  5. 
Answers  to  the  Exercises. 

Ans.l.  430    Ans.S.  1065   Am.  15.  3390 

2.  485  9.  1105  16.  3435 

3.  540  10.  1745  17.  3945 

4.  685  11.  2290  18.  3990 

5.  795  12.  2425  19.  4495 

6.  875  13.  2835  20.  4990 

7.  920  14.  2880  21.  6170 
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LESSON  V.      To  multiply  by  6. 

Answers  to  the  Exercises. 
Am.\.       462       Ans.8.     1302       Ans.  15.     3534 


2. 

534 

9. 

1404 

16. 

4068 

3. 

690 

10. 

2070 

17. 

4134 

4. 

828 

11. 

2202 

18. 

4482 

5. 

894 

12. 

2736 

19. 

5256 

6. 

1122 

13. 

2868 

20. 

5922 

7. 

1194 

14. 

3402 

LESSON  VI.     To  multiply  by  7. 

Answers  to  the  Exercises. 
Ans.  I.       455       Ans.8.     1512       Ans.  15.     4032 


2. 

546 

9. 

1638 

16. 

4368 

3. 

623 

10. 

2415 

17. 

4746 

4. 

679 

11. 

2576 

18. 

5523 

5. 

728 

12. 

3381 

19. 

6279 

6. 

973 

13. 

3472 

20. 

6909 

7. 

1281 

14. 

3724 

21. 

6951 

LESSON  VII.     To  multiply  by  8. 
Answers  to  the  Exercises. 

Ans.  I.  344    Ans.  4.   672    Ans.  7.   984 

2.  464       5.   768       8.  1512 

3.  632       6.   912       9.  1704 
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Am.  10.  1792   Arts.  15.  3032   4ns.  20.  4448 

11.  1880 

16.  3288 

21.  5336 

12.  1968 

17.  3376 

22.  6224 

13.  2856 

18,  3472 

23.  7112 

14.  2944 

19.  4360 

24.  7944 

LESSON  VIII.     To  multiply  by  9. 

Answers  to  the  Exercises. 
Am.  I.    333         Ans.9.     1044      Ans.  17.    3942 


2. 

432 

10. 

1143 

18. 

4401 

3. 

531 

11. 

2142 

19. 

4635 

4. 

549 

12. 

2241 

20. 

4887 

5. 

648 

13. 

2259 

21. 

6012 

6. 

747 

14. 

3258 

22. 

6975 

7. 

846 

15. 

3357 

23. 

8073 

8. 

945 

16. 

3843 

24. 

8874 

LESSON  IX.     Continued  Products. 

Teacher.  How  much  is  2  x  2  ? 

Pupils.  4. 

jf.  And  how  much  is  2  x  4? 

P.  8. 

T.  How  much,  then,  is  2  x  2  x  2  ? 

P.  8. 

T.  How  much  is  2  x  3  ? 

P.  6. 

E    5 
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T.  How  much  is  2  x  6  ? 

P.  12. 

T.  How  much,  then,  is  2  x  3  x  2  ? 

P.  12. 

T.  Can  you  tell  what  you  have  done  here? 

P.  We  have  first  multiplied  3  by  2,  and  the 
product  multiplied  again  by  2. 

T.  Hence  you  have  connected  the  numbers  2,  3, 
2,  by  multiplying  the  first  two,  and  then  continued 
by  multiplying  the  product  by  the  next  number. 
The  answer  to  this  is,  in  such  a  case,  called  the 
continued  product  of  the  numbers  2,  3,  2.  What 
is  the  continued  product  of  3,  4,  5? 

P.  §0  ;  because  3  x  4  =  12  and  5  x  12  =  60. 

T.  What  is  the  continued  product  of  4,  5,  6? 

P.  120 ;  because  4  x  5  =  20,  and  6  x  20  =  120. 

T.  If  a  number  be  multiplied  by  2,  and  the 
product  be  again  multiplied  by  2,  by  what  number, 
then,  is  the  first  number  multiplied  ? 

P.  By  4;  because  it  is  first  taken  twice,  which, 
then,  is  taken  again  twice  ;  hence  the  first  number 
is  taken  4  times,  or  it  is  multiplied  by  4. 

T.  Instead,  then,  of  multiplying  87  by  4,  in  the 
manner  you  have  learnt,  what  might  be  done? 

P.  87  might  first  be  multiplied  by  2,  and  the 
product  again  by  2. 

T.  Try  it  both  ways. 

P.  4x87=4x80  +  4x7=320  +  28  =  348. 
Or,  4  x  87  =  2  x  87  x  2  ; 

2  x  87  =  174,  and  2  x  174  =  348. 
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T.  What  might  be  done  instead  of  multiplying 
a  number  by  6,  in  the  manner  you  have  learnt 
before  ? 

P.  First  multiply  by  2,  and  the  product  by  3. 

The  present  subject  can,  at  this  stage,  be  only 
adverted  to,  as  its  thorough  application  depends 
on  the  pupils  being  able  to  decompose  numbers 
into  factors,  treated  fully  in  a  subsequent  chap- 
ter. This  lesson  may  be  omitted,  if  the  class  be 
not  properly  developed. 


§  2.    MULTIPLICATION     BY    TENS. 

LESSON  I.     To  multiply  by  10,  20,  and  30. 

Teacher.  How  many  tens  are  10  x  1  ? 

Pupils.  1  ten. 

T.  How  many  units  are  this  ? 

P.  10  units. 

T.  How  many  tens  are  10x2? 

P.  2  tens,  or  20  units. 

T.  How  many  tens  are  10x3? 

P.  3  tens,  or  30  units. 

T.  How  many  tens  are  10x4? 

10x5? 

10x6? 
&c.     &c. 

10x11? 


84  LESSONS    ON    NUMBER. 

P.  4  tens,  or  40  units. 

5  tens,  or  50  units. 

6  tens,  or  60  units. 

11  tens,  or  110  units. 

T.  Hence,  what  may  be  said  in  general  of  a 
number  multiplied  by  10  ? 

P.  It  is  as  many  tens  as  there  are  units  in  the 
number. 

T.  How  much,  then,  is  10  x  56  ? 

P.  56  tens,  or  560. 

T.  How  much  is  2  tens  x  1  ? 

P.  2  tens,  or  20. 

T.  How  much  is  2  tens  x  2  ? 

P.  4  tens,  or  40. 

T.  How  much  is  20  x  3  ? 

P.  6  tens,  or  60. 

T.  How  much  is  20  x  4  ? 

..20x5? 

..      20x6? 
&c. 

..      20x10? 

..      20x11? 
P.  8  tens,  or  80. 
10  tens,  or  100. 

12  tens,  or  120. 
20  tens,  or  200. 
22  tens,  or  220. 

T.  If,  then,  a  number  is  to  be  multiplied  by  2 
tens,  or  by  20,  what  may  be  said  ? 
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P.  It  is  multiplying  that  number  by  2,  and  call- 
ing the  product  tens,  not  units. 

T.  Hence,  if  you  know  how  to  multiply  by  2, 
you  are  likewise  able  to  multiply 

P.  By  2  tens,  or  by  20. 

T.  Multiply  37  by  20. 

P.  20  x  37  =  2  x  37  tens  =  74  tens  =  740. 

T.  Multiply  89  by  20. 

P.  20  x  89  =  2  x  89  tens  =  178  tens  =  1780. 

T.  How  many  tens  are  30  x  1  ? 

P.  3  tens,  or  30  units. 

T.  How  many  tens  are  30  x  2  ? 

P.  6  tens,  60  units. 

T.  How  many  tens  are  30  x  3  ? 

30x4?  &c. 
30x12? 

P.  9  tens,  or  90  units. 
12  tens,  or  120  units. 
36  tens,  or  360  units. 

T.  Hence,  what  may  be  said  of  a  number  multi- 
plied by  3  tens,  or  by  30  ? 

P.  It  is  multiplying  that  number  by  3,  and  call- 
ing the  product  tens. 

T.  If,  then,  you  know  how  to  multiply  by  3,  you 
are  able  to  multiply  likewise 

P.  By  3  tens,  or  by  30. 

T.  Multiply  45  by  30. 

P.  30  x  45  =  3  x  45  tens  =  135  tens  =  1350 
units. 
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Answers  to  the  Exercises.     Lesson  I. 


Arts.  1. 

930   Ans.  7. 

640   Ans.  13. 

450 

2. 

870 

8. 

1180 

14. 

990 

3. 

1100 

9. 

1480 

15. 

1710 

4. 

1530 

10. 

1760 

16. 

2520 

5. 

2170 

11. 

2740 

17. 

2970 

6. 

3710 

12. 

4960 

18. 

4110 

LESSON  II.     To  multiply  by  40,  50,  and  by  60. 

In  this  lesson,  the  pupils  must  be  led  to  ascer- 
tain that, 

1.  Multiplying  a  number  by  40,  is  to  multiply  it 
by  4,  and  to  call  the  product  tens. 

2.  Multiplying  a  number  by  50,  is  to  multiply  it 
by  5,  and  to  call  the  product  tens. 

3.  Finally,  multiplying  a  number  by  60,  is  to 
multiply  it  by  6,  and  to  call  the  product  tens. 

Answers  to  the  Exercises. 


1st,  by  40. 

2d,  by  50. 

3d,  by  60. 

Ans.  1.   720 

Ans.  I.   950 

Ans.  1.   660 

2.  1360 

2.  1250 

2.  1320 

3.  2320 

3.  2350 

3.  2100 

4.  2680 

4.  3400 

4.  3360 

5.  2920 

5.  4100 

5.  3840 

6.  3800 

6.  5050 

6.  5700 
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LESSON  II.     To  multiply  by  70,  80,  and  90. 

Here,  again,  the  pupils  have  to  ascertain  that 
multiplying  a  number  by  70,  80,  and  90,  is  to  mul- 
tiply it  by  7,  8,  and  9  respectively,  and  to  call  the 
products  tens. 

Answers  to  the  Exercises. 

1st,  by  70.     2d,  by  80.      3d,  by  90. 

Ans.\.  910   Ans.  1.  1120    Ans.l.  1350 

2.  1330  2.  2960  2.  1890 

3.  1890  3.  3280  3.  3150 

4.  2450  4.  3840  4.  4140 

5.  3430  5.  4320  5.  5130 

6.  3710  6.  5040  6.  6120 

7.  4690  7.  6160  7.  7110 

8.  5880  8.  7120  8.  7560 

9.  6440  9.  7840  9.  8910 
10.  6790  10.  7600  10.  9360 


§    3.      MULTIPLICATION    BY    TENS    AND    UNITS. 

LESSON  I.     To  multiply  by  11,  12. ...  19. 

In  the  foregoing  lessons,  the  pupils  have  learnt 
to  multiply  by  1  and  by  JO;  by  2  and  by  10;  by 
3,  4,  &,c.  9,  and  by  10; — they  are  now  to  multiply 
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by  11,  12,  13,  &c.;  that  is,  by  10+1,  10  +  2, 
10  +  3,  &c.  The  teacher  then  will  ask: — If  a 
number  is  to  be  multiplied  by  11,  what  must  be 
done  ? 

Pupils.  The  number  must  first  be  multiplied  by 
10,  and  then  by  1,  and  the  two  products  must  be 
added. 

T.  Multiply  11  by  11. 

P.  11x11  =  10x11  +  1  x  11  =  110  +  11  = 
121. 

T.  Multiply  17  by  11. 

P.  11  x  17  =  10  x  17  +  1  x  17  =  170+  17  = 
187. 

T.  Multiply  89  by  11. 

P.  11  x  89  =  10  x  89  +  1  x  89  =  890+  89  = 
979. 

T.  If  a  number  is  to  be  multiplied  by  12,  what 
must  be  done  ? 

P.  First  multiply  by  10,  then  by  2,  and  add  the 
two  products. 

T.  Multiply  12  by  12. 

P.  12  x  12  =  10  x  12  +  2  x  12  =  120  +  24  = 
144. 

T.  Multiply  13  by  12. 

P.  12  x  13  =  10  x  13  +  2  x  13  =  130  +  26  = 
156. 

T.  Multiply  98  by  12. 

P.  12x98  =  10x98  +  2x98  =  980  +  196:= 
1080  +  96  =  1176. 
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Similarly  with  the  multiplication  by  13,  14,  15, 
&c. 

T.  Multiply  19  by  19. 

P.  19x19  =  10x19+9x19  =  190  +  171  = 
290  +  71  =361. 

T.  Multiply  67  by  19. 

P.  19x67  =  10x67  +  9x67  =  670  +  603  = 
1273. 

T.  lff  instead  of  multiplying  67  by  19,  in  the 
manner  you  have  done,  I  multiplied  by  20;  by 
how  much  would  the  product  be  more  than  is 
required  ? 

P.  By  once  67. 

T.  What,  then,  must  be  done  to  obtain  19  x 
67? 

P.  Multiply  by  20,  and  from  the  product  sub- 
tract 67;  thus: — 

19x67  =  20x67-1x67. 

=  1340-67  *=  1273. 

T.  I  leave  it  to  you  to  choose  either  of  these 
two  methods. 

Teacher  and  pupils  give  promiscuous  questions, 
after  which  the  exercises,  Part  II.  are  taken  up. 

Answers  to  the  Exercises. 

By  11. 

Ans.l.  539    Am.3.  1089    Ans.5.  1573 
2.  957       4.  1331       6.  2387 
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By  12. 

By  13. 

By  14. 

Ans.  1. 

444 

377 

266 

2. 

696 

611 

490 

3. 

828 

819 

644 

4. 

888 

1092 

798 

5. 

996 

1235 

952 

6. 

1164 

1287 

1106 

By  15.     By  16.     By  17.     By  18.  By  19. 


Ans.  1. 

255 

288 

323 

288 

285 

2. 

420 

464 

357 

486 

494 

3. 

585 

496 

544 

684 

703 

4. 

615 

672 

731 

882 

912 

5. 

780 

848 

918 

918 

1121 

6. 

945 

1024 

1105 

1116 

1159 

7. 

1110 

1200 

1292 

1314 

1368 

8. 

1275 

1376 

1479 

1512 

1577 

9.     1440        1552        1666        1710        1786 


LESSON  II.     To  multiply  by  21,  22. . .  .29. 

Teacher.  You  have  learnt  to  multiply  by  20, 
and  also  by  1  ;  if,  then,  you  have  to  multiply  a 
number  by  21,  what  must  be  done? 

Pupils.  First  multiply  by  20,  then  by  I,  and 
add  the  two  products. 

T.  Multiply  27  by  21. 

P.  21x27=20x274-1x27. 
=  540  +  27  =  567. 


MULTIPLICATION. 

The  pupils  must  give  a  similar  account  as  to  the 
multiplication  by  22,  23. . .  .29. 

Answers  to  the  Exercises. 

By  21.    By  22.    By  23.    By  24. 

Am.  I.   525      594      644      600 

2.  777      836     1035      864 

3.  1008  1078  1334  1128 

4.  1176  1254  1472  1392 

5.  1407  1606  2001  1656 

6.  1869  2156  2208  1800 

By  25.  By  26.  By  27.  By  28.  By  29. 


Ans.  1. 

625 

884 

729 

1232 

841 

2. 

950 

1144 

1107 

1568 

1102 

3. 

1225 

1430 

1566 

2072 

1363 

4. 

1325 

1716 

1863 

2324 

1682 

5. 

1875 

2002 

2106 

2632 

2001 

6. 

2175 

2288 

2538 

2772 

2581 

LESSON  III.      To  multiply  by  31,  32 39.  , 

Teacher.  Multiply  31  by  31. 
Pupils.     31x31=30x31  +  1x31  =  930  +  31 

=  961. 

T.  Multiply  87  by  32. 

P.  32x87  =  30x87  +  2x87  =  2610  +  174  = 

2784. 
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Answers  to  the  Exercises. 

By  31.  By  32.         By  33.         By  34. 

Ans.  1.   961  2784     2541  2278 

2.  1302  3136     2904  2652 

3.  1333  1024     3267  3026 

4.  1674  1408     1122  3094 

5.  2015  1760     1485  1122 

6.  2356  2112     1848  1564 

By  35.  By  36.  By  37.  By  38.  By  39. 


Am.  1. 

1995 

1656 

1332 

3572 

1248 

2. 

2380 

2052 

1739 

3230 

1677 

3. 

2765 

2448 

2146 

2888 

2106 

4. 

2835 

2844 

2553 

2470 

2535 

5. 

3220 

2952 

2627 

2052 

2964 

6.     1225       3312       3071        1634       3393 

LESSON  IV.     To  multiply  by  41,  42, 49. 

By  41.          By  42.          By  43.         By  44. 


Ans.  1. 

1681 

1764 

1849 

1936 

2. 

2132 

2226 

2322 

2420 

3. 

2583 

2688 

2795 

2904 

4. 

3034 

3150 

3268 

3388 

5. 

3485 

3612 

3741 

3872 

6. 

3936 

4074 

4214 

4356 
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By  45.     By  46.     By  47.     By  48.    By  49. 


Ans.  1. 

1710 

4370 

4183   3648 

3087 

2. 

2205 

1656 

4277   4176 

3626 

3. 

2295 

2162 

1504   4704 

4165 

4. 

2790 

2668 

2021   1872 

4704 

5. 

3285 

3082 

2538   1968 

4263 

6. 

3780 

3588 

3055   2496 

3724 

LESSON  V. 

To  multiply  by  51,  52.  .  . 

.59. 

Answers  to  the 

Exercises. 

By  51. 

By  52. 

By  53. 

By  54. 

Ans.  1. 

2652 

3536 

3975 

4428 

2. 

3213 

4108 

4558 

5022 

3. 

3774 

4212 

5141 

2916 

4. 

4335 

4784 

3074 

3510 

5. 

4896 

2756 

3657 

4104 

6. 

2907 

3328 

3763 

4698 

By  55. 

By  56.  By  57.  By  58. 

By  59. 

Ans.  1. 

5390 

3080 

3534   4524 

3835 

2. 

3245 

3696 

4161   5162 

4484 

3. 

3355 

4312 

4788   5684 

5015 

4. 

3960 

4928 

5415   4466 

5546 

5. 

4565 

5544 

3192   3770 

5723 

6. 

5170 

2856  . 

3819   3132 

5841 
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LESSON  VI.     To  multiply  by  61,  62, 69. 

By  61.      By  62.      By  63.  By  64. 

Ans.  1.    3721    2418    5922  1408 

2.  4392    2542    5355  1216 

3.  5063    3224    4788  1792 

4.  5734    3902    4095  1984 

5.  1037    4588    3402,  2688 

6.  1708    5270    2079  3392 

By  65.  By  66.  By  67.  By  68.  By  69. 

Ans.  I.   4160   4356   1541   6052  2967 

2.  4875   3630   2278   6664  1518 

3.  5590   2904   3015   5916  1311 

4.  6305   2178   3752   5168  2415 

5.  5720   1452   4489   4420  3174 

6.  5005    726   5226   3672  3933 

LESSON  VII.  To  multiply  by  7 1,  72, 79. 

By  71.   By  72.   By  73.  By  74. 

Am.  1.    4828    4680    2117  6364 

2.  5609    4032    2263  7178 

3.  5751    3384    3066  7326 

4.  6532    2736    3869  6438 

5.  5893    2088    4672  5624 

6.  5254    1296    5475  4810 
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By  75.  By  76.  By  77.  By  78.  By  79. 

Ans.  1.   4050   2356   7469   2574  5293 

2.  3375   2192   7546   1716  6162 

3.  2700   4028   6699   1794  7031 

4.  2025   4864   5852   2652  7821 

5.  1350   5700   4235   3510  7663 

6.  2175   6536   3388   4368   6715 

LESSON  VIII.     To  multiply  by  81,  82, 89. 

Answers  to  the  Exercises. 

By  81.      By  82.      By  83.  By  84. 

Ans.  1.    6561    6232    2739  7980 

2.  7452    5330    3735  8148 

3.  7695    4428    4731  7224 

4.  7857    3526    5727  6300 

5.  8019    2624    5893  5376 

6.  7047    1722    6889  4452 

By  85.  By  86.  By  87.  By  88.  By  89. 


Ans.  1. 

4165 

8084 

7569 

7744 

7921 

2. 

4845 

8342 

5829 

8712 

8722 

3. 

5525 

8170 

4959 

3872 

3293 

4. 

6205 

7224 

8439 

6776 

5162 

5. 

6885 

6622 

7221 

5808 

5607 

6. 

7905 

7568 

6873 

4840 

6853 
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LESSON  IX.     To  multiply  by  91,  92,  ....  99. 
Answers  to  the  Exercises. 

By  91.      By  92.      By  93.  By  94. 

Am.  I.    8281    7176    8649  8836 

2.  8463    6164    9021  9118 

3.  8645    4968    8184  8084 

4.  8827    3588    7161  4042 

5.  9009    4508    6417  3478 

6.  7735    5428    4464  5152 

By  95.  By  96.  By  97.  By  98.  By  99. 


Ans.  1. 

9025 

9216 

9409 

9604 

9801 

2. 

9405 

8352 

8439 

9702 

8712 

3. 

8265 

5664 

6499 

1862 

7623 

4. 

6270 

4128 

4656 

3724 

6534 

5. 

6935 

3552 

5626 

5194 

5445 

6. 

6555 

2784 

6596 

6566 

4356 

LESSON  X.     Promiscuous  Exercises. 
Answers  to  the  Questions. 

Ans.  1.  495    Ans.  4.  224    Ans.  7.  5600 

2.  324       5.  989       8.  3822 

3.  376       6.  1312       9.  666 
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CHAPTER  IV.— DIVISION. 

To  divide  one  number  by  another,  is  to  see  how 
often  the  latter  is  contained  in  the  former.  To 
commence  with  the  simplest  questions,  the  pupils 
must  first  ascertain  how  often  1,  2,  3,  4,  &c.  are 
contained  in  any  number  whatever.  It  is  obvious, 
however,  that  if  it  be  known  how  often  1,  2,  3,  4, 
Sec.  are  contained  in  all  numbers  from  1  to  10,  1  to 
20,  1  to  30,  1  to  40,  &c.  respectively,  it  may  thence 
easily  be  deduced  how  often  the  same  are  contained 
in  numbers  exceeding  these.  To  lead  the  pupils  to 
the  clear  view  of  these  truths,  and  to  facility  in 
calculating  questions  in  reference  to  them,  is  the 
object  of  this  chapter. 


LESSON  I.     To  divide  by  1  and  by  2. 

Teacher.  How  many  ones  are  there  in 

1,2,3,4, 10? 

Pupils.         1,  2,  3,  4, 10  ones. 

T.  Instead  of  saying  how  many  ones  are  there 
in  1,  2,  3,  &c.,  I  might  have  asked  you,  how  often 
F 
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1  is  contained  in  1,  in  2,  in  3,  &c.  How  often  is 
1  contained  in  4,  5,  6,  &c.  ? 

P.  4  times,  5  times,  6  times,  &c. 

T.  How  will  you  convince  me  that  1  is  con- 
tained in  2  twice? 

P.  2=1  +  1,  and  1  is  contained  in  1,  once,  and 
in  another  1,  once  more,  that  is,  in  2,  1  is  contained 
twice. 

2\  Try  to  express  in  words  what  you  have 
done. 

P.  We  distributed  2  into  ones,  and  counted 
how  often  it  was  possible  to  do  so. 

T.  Now  reflect  one  moment;  how  many  times 
must  1  be  contained  in  any  number  whatever  ? 

P.  As  often  as  there  are  ones  or  units  in  that 
number. 

T.  If  now  I  ask  you  to  see  how  often  2  is  con- 
tained in  18,  what  would  you  do  ? 

P.  Distribute  18  into  as  many  twos  as  possible, 
and  count  them  thus  :  — 


That  is,  2  is  contained  in  18,  9  times. 

T.  Instead  of  distributing  18  into  twos,  we 
might  say  divide  18  into  twos  ;  hence  seeing  how 
often  2  is  contained  in  a  number,  or  dividing  it  by 
2  is  the  same  thing.  What  does  it  mean  to  divide 
48  by  2? 

P.  To  see  how  often  2  is  contained  in  48. 

T.  What  does  it  mean  to  divide  a  number  by  3, 
by  4,  by  10? 
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P,  To  see  how  often  3,  4,  10,  are  contained  in 
that  number. 

T.  We  will  now  learn  to  divide  any  number 
by  2.  In  which  number  is  2  contained  once? 

P.  In  2. 

T.  Twice? 

P.  In  2  twos,  that  is  in  4. 

T.  In  what  number  is  2  contained  3  times,  4 
times,  5  times,  6  times,  7  times,  8  times,  9  times, 
10  times  ? 

P.  In  3  twos  or  in  6 ; 

4  ..         8; 

5  ..        10; 

6  . .        12 ; 

7  ..        14; 

8  ..       16; 

9  ..       18; 
10        . .       20. 

T.  How  much  then  is  2  divided  by  2  ? 
P.  1. 

r.  4  divided  by  2  ? 

6         ..         2? 

8         ..         2? 

10         ..         2? 

12         ..         2? 

14        ..         2? 

16         ..         2? 

18         ..         2? 

20         ..         2? 

P.  2,  3,  4,  5,  6,  7,  8,  9,  10. 

F  2 
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T.  The  sign  used  for  division  is  -•-,  which  sig- 
nifies "  divided  by  ;"  thus  [writing  on  the  slate] 
18-7-2  =  9. 

In  this  instance  what  does  the  number  9  in- 
dicate? 

P.  How  often  2  is  contained  in  18. 

jT.  The  result  obtained  by  adding  numbers  is 
called ? 

P.  Their  sum. 

T.  The  result  obtained  by  subtracting  one  num- 
ber from  another ? 

P.  Their  difference. 

T.  The  result  obtained  by  multiplication ? 

P.  Their  product. 

T.  And  the  result  obtained  by  dividing  one 
number  by  another  is  called  the  quotient. 

In  the  example  18-f-2  =  9,  which  is  the  quo- 
tient ? 

P.  9. 

T.  The  number  by  which  we  divide  is  called  the 
divisor,  and  the  other  into  which  we  divide,  the 
dividend;  which  is  the  divisor,  and  which  is  the 
dividend  ? 

P.  2  is  the  divisor,  and  18  the  dividend. 

T.  Repeat  the  numbers  which  we  have  divided 
by  2. 

P.  2,  4,  6,  8,  10,  12,  14,  16,  18,  20. 

r.  Which  are  the  intermediate  numbers  to 
these  ? 
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P.  3,  5,  7,  9,  11,  13,  15,  17,  and  19. 
T.  Divide  these  by  2,  what  are  the  quotients  ? 
P.  3-7-2  =  1  and  1  over. 

T.  Yes,  2  is  contained  in  3  once,  and  there  re- 
mains 1  ;  the  number  which  remains  after  division 
is  thence  called  the  remainder:  proceed. 
P.  5-r-2  =  2,  with  the  remainder  1. 
7-r-2  =  3,         ..          ..  1. 

&c.     &c. 

T.  Now  compare  the  quotients  obtained  by 
dividing  2,  4,  6,  8,  10,  &c.  by  2,  and  those  ob- 
tained by  dividing 

3,5,7,9,  11,  &c.  by  2, 
and  tell  me  what  you  remark. 

P.  The  2,  4,  6,  8,  10,  &c.  divided  by  2,  leave 
no  remainder ;  whereas  3,  5,  7,  &c.  divided  by  2, 
leave  a  remainder  1. 

T.  Hence  we  may  say  that  some  numbers  are 
exactly  divisible  by  2,  and  others  are  not ; — the 
former  are  called  even — the  latter  odd.  Now  write 
on  your  slates  all  numbers,  from  1  to  20 ;  divide 
each  by  2,  and  learn  the  quotients  by  heart. 

P.  [Write.]     2-2  =  1. 

3 — 2  =  1,  remainder  1. 

4-2  =  2. 

5—2  =  2,  rem.  1. 

8cc.     &c. 
When  known, 
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T.  [Proceeds.] 

4  divided 
4  tens,  or  40 
40  tens,  or  400 
400  tens,  or  4000 

6  divided 
6  tens,  or  60 
60  tens,  or  600 
600  tens,  or  6000 


How  much  is 


by  2? 

,.    2? 
.    2? 

,.    2? 

by  2? 

,.    2? 

,.    2? 

2? 


Again,  How  much  is 

8  divided  by  2  ? 

8  tens,  or  80       . .    2  ? 

80  tens,  or  800      ..    2? 

800  tens,  or  8000    ..    2? 

How  much  is 

10  divided  by  2? 
10  tens,  or  100      ..    2? 

How  much  is 

12  divided  by  2? 
12  tens,  or  120      ..    2? 

How  much  is 

14  divided  by  2  ? 
14  tens,  or  140      ..    2? 

How  much  is 

16  divided  by  2  ? 
16  tens,  or  160      ..    2? 


Ans.  2. 

Arts.  2  tens,  or  20. 
Ans.  20  tens,  or  200. 
Am.  200  tens,  or  2000. 

Ans.  3. 

Ans.  3  tens,  or  30. 
Ans.  30  tens,  or  300. 
Arts.  300  tens,  or  3000. 


Ans.  4. 

Ans.  4  tens,  or  40, 
Ans.  40  tens,  or  400. 
Ans.  400  tens,  or  4000. 

Ans.  5. 

Ans.  5  tens,  or  50. 

Ans.  6. 

Ans,  6  tens,  or  60. 

Ans.  7. 

Ans.  7  tens,  or  70. 

Ans.  8. 

Ans.  8  tens,  or  80. 
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How  much  is 

18  divided  by  2?     Ans.  9. 
18  tens,  or  180      . .    2  ?     Ans.  9  tens,  or  90. 

How  much  is 

20  divided  by  2?     Ans.  10. 
20  tens,  or  200      . .    2  ?     Am.  10  tens,  or  100. 

What  remark  have  you  to  make  ? 

P.  That  if  it  be  known  how  to  divide 

2,  4,  6,  8,  10,  12,  14,  16,  18,  20, 
by  2,   it  is   easy  to   ascertain   the  quotients   of 

20,  40,  60,  80,  120,  140,  160,  180,  200; 
of  200,  400,  600,  &c.  by  2. 

T.  Which   are  the  intermediate   tens  to  these 
numbers  ? 

P.  30,  50,  70,  90,  &c. 

T.  How  much  is  20  divided  by  2  ? 

P.  10. 

T.  How  much  is  10  divided  by  2  ? 

P.  5. 

T.  Then  how  much  is  20  + 10,  or  30,  divided 
by  2? 

P.  10  +  5,  or  15. 

T.  How  much  is  50  divided  by  2  ? 

P.  50  =  40+10;    40-2  =  20;    10-?- 2  =  5. 
Hence  50  or  40+10-2  =  20  +  5  =  25. 

T.  How  much  is  70,  90,  110,  130,  &c.  divided 
by  2? 

P.  35,  45,  55,  65,  &c. 

T.  How  much  is21-f-2? 
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P.  10,  with  remainder  1. 
T.  Howmuchis22-f-2? 

P.  22  =  20  +  2;  20—2=10;  and  2-f-2  =  L 
Hence  22+2  =  10+  1  =  11. 

T.  How  much  is  23,  24,  25,  &c.  -h  2  ? 
P.  11,  r.  1;   12;  12,  r.l;  &c. 
T7.  How  much  is  31,  32,  33,  34,  &c.  -r  2  ? 
P.  34-r-2is30-7-2,and4-r2; 
30-2  =  15,  and  4-r-2  =  2. 
Hence  34-r-2  =  17. 

T.  [Proceeds  in  a  similar  manner  with  the  num- 
bers 41,  42,  43,  &c.;  51,  52,  &c.]  How  much  is 
97+2? 

P.  97-r-2  is  90-i-2f  and  7-r-2  ; 

90-7-2  =  45,  arid  7-~2  =  3,  rem.  1. 
Hence  97-7-2  =  45  +  2,  rem.  1  =  47,  rem.  L 
T.  How  much  is  159-7-2? 
P.  159  =  100  +  50  +  9,  which,  divided  by  2, 

=    50  +  25  +  4,  rem.  I. 
Hence  159--2  =  77,  rem.  1. 
T.  If,  then,  you   know  how  to  divide  certain 
numbers  by  2,  it  is  easy  to  ascertain  the  quotients 
of  all  other  numbers  by  2.     Which  are  those  cer- 
tain numbers? 

P.  2,  3,  4, 5,  6,  7,  &c.  20. 

The  pupils  are  now  called  upon  to  give  ques- 
tions to  the  class,  after  which  the  exercises  in 
Part  II.  are  taken  up. 
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Answers   to  the  Exercises. 

1.  The  number  to  be  divided  is  called  the  divi- 
dend;  the  number  which  is  contained  in  the  divi- 
dend is  called  the  divisor ;  and  the  number  which 
shows  how  often  the  divisor  is  contained  in  the 
dividend,  is  called  the  quotient. 

2.  The  numbers  themselves. 

3.  Even  numbers  are  such  as  are  exactly  divisi- 
ble by  2  ;  odd  numbers  are  such  as  are  not  exactly 
divisible  by  2. 

4.  If  odd  numbers  be  divided  by  2,  the  remain- 
ders are  always  1. 

5.  Ans.  4. 

6.  That  if  a  number  be  multiplied  by  2,  and  the 
product  be  divided  by  2,  the  quotient  is  always 
the  number  itself. 

7.  That  if  a  number  be  divided  by  2,  and  the 
quotient  be  multiplied  by  2,  the  product  is  always 
the  number  itself. 

Ans.  8.     94,  r.  1  ;    118,  r.  1  ;    175,  r.  1 ;    200, 
r.l;  253,  r.l;  300,  r.  1 ;  391,  r.  1; 
448,  r.l;  494;  500,  r.  1. 
9.     186,  r.l.         Ans.  12.     204. 

10.  44.  13.         0. 

11.  195,  r.  1. 

F  5 
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LESSON  II.     To  divide  by  3,  4,  and  5. 

The  division  by  3,  4,  5,  and  succeeding  numbers, 
is  to  be  treated  precisely  in  the  same  way  as  shown 
in  the  preceding  lesson.  The  pupils,  accordingly, 
are  to  find  in  which  numbers  3  is  contained  once, 

twice,  3  times,  4  times 10  times  (these  are 

said  to  be  divisible  by  3.)  Next,  to  find  the  quo- 
tients of  all  numbers  between  3  and  30,  and  to 
commit  them  to  memory.  Then  follows  an  import- 
ant exercise  : — 

3  is  contained  in  3     once. 

3  tens  or  in    30  ..    1  ten  times. 
30  tens  or  in  300  . .  10  ten  times, 
or  100  times. 
Again, 

3  is  contained  in  6    twice. 

6  tens,  or  60 ....   2  tens,  or  20 

times. 
60  tens,  or  600  .  .20  tens,  or  200 

times. 
Similarly, 

3  is  contained  in       9 3  times. 

90     30  times. 

900   300  times. 

*.  12    4  times. 

120 40  times. 

1200  .        ..400  times. 
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These  exercises  are  important,  as  they  give  the 
pupils  facility  in  dividing  the  intermediate  tens, 
40,  50,  70,  80,  100,  &c. ;  for,  since  they  know  that 
3  is  contained  in  30  10  times,  the  question,  how 
often  it  is  contained  in  40,  will  present  no  new  diffi- 
culty ;  they  will  naturally  conclude  that  3  is  con- 
tained in  30+10,  10  +  3  times,  with  remainder  1  ; 
similarly  3  is  contained  in  50,  that  is  in  30  +  20, 
10  +  6  times,  with  the  remainder  2;  again,  3  is 
contained  in  70,  that  is  in  60  +  10,  20  +  3  times, 
with  the  remainder  1 ;  and  so  on  with  other  numbers, 
which,  taught  by  the  above  exercises,  the  pupils 
will  separate  each  time  into  two  or  more  convenient 
numbers:  divide  each  of  them  and  add  the  quo- 
tients. For  instance,  the  question,  "  Divide  87 
by  3,"  will  be  solved  thus,  by  pupils  which  have 
gone  slowly  and  regularly  through  the  above  exer- 
cises :  viz. 

3  is  contained  in  60   ....  20  times, 
and  in  the  remainder  27   ....     9  times. 

Hence,  87 ---3  =  29. 
Again,  Divide  158  by  3. 
Solution.     150— 3  =  50. 

8-3=    2,  r.  2. 

Hence  158—3  =  52,  r.  2. 

And  again,  Divide  259  by  3. 

Solution. 

240—3  ==  80 ;  i.  e.  24  tens  -r-  3  =  8  tens ; 
and  19-3  =    6,  r.  1. 
Hence  259-3  =  86,  r.  1. 
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Teacher  and  pupils  give  questions  to  the  class, 
and  the  exercises  in  Part  II.  conclude  division  by  3. 
The  steps  in  dividing  by  4,  5,  6,  are  precisely  the 
same.  The  pupils  have  to  learn  by  heart  the  quo- 
tients of  the  numbers  4  to  40,  5  to  50,  6  to  60,  by 
4,  5,  6,  respectively ; — these  known,  follow  what 
were  called  above,  important  exercises.  Questions 
by  the  teacher  and  pupils,  and  the  exercises  in 
Part  II.  conclude  each  lesson. 

Answers  to  the  Exercises. 

By  3. 

Am.  1.     3,  6,  9,  12,  15,  18,  21,  27,  30,  33,  36, 
39,  &c.  99. 

2.  Either  1  or  2. 

3.  No,  for  if  the  remainder  be  1,  the  quo- 

tient will  be  1  more;  the  same  with 
4  or  5. 

4.  38,  r.  1;    84,  r.  I;    127;  135,  r.  2; 

175,  r.  2 ;  229,  r.  1 ;  233,  r.  2  ;  276, 
r.  1;  328;  335,  r.  2 ;  780;  1033, 
r.  2. 

5.  152.  Am.  6.       252. 

7.     1260, 

By  4. 

Am.  1.     4,  8,  12,  16,  20,  24,  28,  32,  36,  £c, 
100, 


DIVISION.  109 

Ans.  2.     Either  1,  or  2,  or  3. 

3.  There  cannot  be  a  remainder  4,  or  more 

than  4,  because  4  would  be  con- 
tained in  such  remainders. 

4.  34 ;  54,  r.  3  ;  76,  r.  1 ;  118,  r.  1 ;  147, 

r.  1;  169,  r.  1 ;  197,  r.  1;  212,  r.  3; 
227,  r.  1 ;  253  ;  328,  r.  3  ;  505, 
r.  1. 

5.  104,  r.  3.  4n«.  6.       118,r.  2. 

7.     1836. 

• 

By  5. 

Ans.  1.     5,  10,  15,  20,  25,  &c. 

2.  Either  1,  2,  3,  or  4. 

3.  29,  r.  3  ;   54,  r.  1 ;    60,  r.  4  ;  96,  r.  3  ; 

119,  r.  3;  123,  r.  2;  148,  r.  1;  171, 
r.  4;  189,  r.  2;  202,  r.  1 ;  429,  r.  4; 
655,  r.  3  ;  823,  r.  1 ;  1065,  r.  4. 

4.  107  An*.  8.       88. 

5.  46,  r.  2.  9.       87. 

6.  80.  10.     261. 

7.  46,  r.  1. 

LESSON  III.     To  divide  by  6,  7,  8,  9. 

1.  The  pupils  have  to  commit  to  memory  the 
quotients  of  the  numbers,  6,    7,    8  ....  60  by  6 ; 

7,  8,    9 70  by  7 ; 

8,  9,  10  ....  80  by  8  ; 

9,  10,  11  ....  90  by  9. 
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2.  Then  follow  important  exercises,  viz. 

6  divided  by  6 =  1. 

60         . .          6 =1  ten. 

600         . .          6 =1  hundred. 

&c. 

12  divided  by  6 =2. 

120         . .          6 =2  tens. 

1200         . .          6 =2  hundreds. 

&c. 
Likewise, 

7  divided  by  7 =  1. 

70         . .          7 =1  ten. 

700         ..          7 =1  hundred. 

&c. 

And  8  divided  by  8 =  1. 

80         . .          8 =1  ten. 

800         ..          8 =1  hundred. 

&c. 

Also,  9  divided  by  9 =  1. 

90         . .          9 =1  ten. 

900         . .          9 =1  hundred. 

&c. 

3.  Questions  by  the  teacher  and  pupils  to  the 
class. 

4.  The   exercises    in    Part  II.    conclude    each 
lesson. 
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Answers  to  the  Exercises. 

By  6. 

Ans.l.     6,  12,  18,  24,  36,  42,  48,  54,  60,  66, 

8cc. 
Am.  2.     Either  1,  2,  3,  4,  or  5. 

3.  23  ;  34,  r.  1 ;  64,  r.  5 ;  78,  r.  5 ;  97, 
r.  4;  111,  r.  1;  149,  r.  5;  148; 
156,  r.  4;  167,  r.l;  352,  r.  2;  535; 
720,  r.l. 

s.4.     28.  4fw.6.     192,  r.  5. 

5.     28.  7.       43,  r.  1. 

By  7. 

.  1.  7,  14,  21,  28,  35,  42,  49,  56,  63,  70, 
8tc. 

2.  Either  1,  2,  3,  4,  5,  or  6. 

3.  16,  r.  2  ;   32,  r.  1 ;   48  ;  65,  r.  1 ;    81 ; 

96,  ?-.  6;  127;  141;  176,  r.  2;  335; 
493,  r.  5. 

AnsA.     29,  r.l.         Ans.  6.     3x4x5x6  =  360. 
5.     55,  r.  4.  7.     1016. 
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By  8. 

Ans.  I.     8,  16,  24,  32,  40,  48,  56,  64,  &c. 

2.  Either  1,  2,  3,  4,  5,  6,  or  7. 

3.  19,  r.  7 ;   32,  r.  4 ;    46,  r.  3  ;    60,  r.  2 ; 

74,  r.  1;  85,  r.  4;  95,  r.  3;  109, 
r.  7;  123,  r.  3 ;  140,  r.  2;  293, 
r.  1. 

J^s.  4.     33,  r.  2.         Arcs.  6.     7x9x10  =  630. 
5.     61,  r.  1.  7.     1380. 

By  9. 

Ans.  1.     9,  18,  27,  36,  45,  54,  63,  72,  81,  90, 
&c. 

2.  Either  0,  1,  2,  3,  4,  5,  6,  7,  or  8. 

3.  15,  r.  1;    27,  r.4;    39,  r.  7  ;    52,  r.  1 ; 

63,  r.  3  ;  75,  r.  6 ;  88  ;  99,  r.  2  ; 
109,  r.  8  ;  108,  r.  6  ;  146. 

AnsA.       8.  r.  6.         A/w.  6.     8x10x11  =  880. 
5.     58,  r.  6.  7.     1507. 

LESSON  IV.     To  divide  by  10,  11,  12. 

Answers  to  the  Exercises. 

By  10. 
Ans.  I.     10,20,30,40,  &c. 
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Ans.  2.  73  is  not  divisible  by  10,  because  3 
remains  after  division.  130  is  divisi- 
ble by  10,  because  0  remains  after 
division.  All  numbers  ending  in  0, 
are  divisible  by  10. 

3.  All  numbers,  of  which  the  unit  figure 

is  either  0,  2,  4,  6,  or  8,  are  divisible 
by  2.  All  numbers,  of  which  the 
unit  figure  is  either  0  or  5,  are  di- 
visible by  5. 

4.  31,  r.  7;    58,  r.  6  ;    61;    79,  r.  3  ;  89, 

r.  7;  99,  r.  9;  100;  101;  220; 
307. 


By  11. 

Ans.  I.     11,22,  33,  44,  &c. 

2.  9,r.  5 ;  19,  r.  8  ;  29,  r.  7  ;  50,  r.  5 ;  57, 

r.  6 ;    67,  r.  7  ;    77,  r.  8  ;   90,  r.  9  ; 
91,  r.  10. 

3.  13,  r.  8. 

4.  How  much  is  the  sum  of  58  and  93, 

divided  by  11? 

5.  36. — Divide  66  by  11,  and  multiply 

the  quotient  by  6. 

6.  40,  r.4.     Divide  the  difference  of  371 

and  287  by  11. 

7.  280. 
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By  12. 

.   Am.  1.     12,  24, 36,  48,  60,  72,  84,  96, 108, 120, 
132,  144,  156,  168,  180, 192. 

2.  12,  r.  9  ;  23,  r.  2  ;  29,  r.  11 ;  37,  r.  4  ; 

47,  r.3;64,r.6;74,r.6;76,r.!0; 
83,  r.  4. 

3.  17,  r.  9.     Divide  the  sum  of  59,  67, 

and  87,  by  12. 

4.  63,  r.  10.      Divide  the  difference  be- 

tween 1139  and  373,  by  12. 

5.  172,  r.  6.     Divide  the  product  of  345 

and  6,  by  12. 

6.  64.— To  the  quotient  of   180  by   12, 

add  49. 

7.  12  x  12  =  144. — Divide  the  continued 

product  of  12,  12,  and  12,  by  12. 

N.  B.  The  method  exhibited  in  these  lessons, 
applies  to  the  division  by  the  numbers,  13,  14,  15, 
&c.  The  limit  to  these  exercises  is  that  where  the 
pupils  cease  to  conceive  with  clearness,  and  calcu- 
late with  facility ;  yet  it  is  advisable  to  require  the 
pupils  to  divide  all  numbers  up  to  100  or  200,  by 
any  number  not  exceeding  these. 

Another  useful  exercise  is  the  following:  —  a 
number  is  given,  which  it  is  required  to  divide 
by  2,  3,  4,  5,  &c.  successively.  The  pupils 
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may  exhibit  a   similar  question  on    their  slates, 
thus : — 

Quest.  Divide  750  by  2,  3,  4,  5 9. 

Dividend  C  Divisors,        2,        3.  4.  5. 

750.      *  Quotients,  375     250      187,  r.  2     150 

Dividend  ,  Divis.    6.  7.  8.  9. 

750.       JQuot.  125     107,r.l     93,  r.  6     83,r.3 


116  LESSONS    ON    NUMBER. 


CHAPTER  V. 


PRIME    NUMBERS SQUARE     NUMBERS. 

LESSON  I.     Multiples  and  Divisors. 

THE  subjects  of  this  chapter  are  important,  as  they 
are  a  preparation  for  fractions.  The  operations  to 
be  performed  are  easy  ;  the  object  is  to  gain  clear 
ideas,  and  these  obtained,  to  express  them  in  pro- 
per terms. 

Teacher.  If  a  number  contains  another  number 
exactly,  what  may  be  said  of  that  number  ? 

Pupils.  The  first  number  is  divisible  by  the 
second. 

T.  Give  an  instance. 

P.  20  is  divisible  by  10. 

T.  What  operation  must  be  performed  upon  the 
number  10  in  order  to  obtain  20  ? 

P.  10  must  be  added  to  it;  or  10  must  be  Mul- 
tiplied by  2. 

T.  Give  another  instance  of  a  number  divisible 
by  another. 

P.  60  is  divisible  by  5. 
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T.  What  operation  must,  in  this  instance,  be 
performed  upon  the  number  5  in  order  to  obtain 
60? 

P.  5  must  be  added  11  times  to  5,  or  5  must  be 
multiplied  by  12. 

T.  It  is  for  this  reason  that  60  is  said  to  be  a 
multiple  of  5.  Tell  me  now  of  which  other  number, 
besides  5,  60  is  a  multiple  ? 

P.  60  is  a  multiple  of  1,  of  2,  or  of  3,  or  of  4, 
of  6,  of  10,  of  12,  of  15,  of  30. 

T.  Why  ? 

P.  Because  60  is  obtained  by  multiplying  these 
numbers  by  60,  30,  20,  15,  10,  6,  5,  4,  and  2  re- 
spectively. 

T.  Name  two  numbers,  of  which  the  one  may 
be  said  to  be  a  multiple  of  the  other. 

P.  12  and  3,  16  and  4,  &c. 

T.  Try  to  express  in  general  the  meaning  of  the 
word  multiple. 

P.  A  number,  which  contains  another  number  a 
certain  number  of  times  exactly,  is  said  be  a  mul- 
tiple of  the  latter. 

T.  Name  two  numbers,  of  which  the  one  is  not 
a  multiple  of  the  other,  and  state  the  reason  why 
it  is  not. 

P.  7  is  not  a  multiple  of, 18,  because  18  does 
not  contain  7  exactly. 

T.  Find  6  numbers  which  are  multiples  of  9,  7, 
10,  13,  and  15. 
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P.  Multiples  of  9  are  18,  27,  36,  45,  &c. 
of  7  are  14,  21,  28,  35,  &c. 
of  10  are  20,  30,  40,  &c. 
of  13  are  26,  39,  52,  &c. 
of  15  are  30,  45,  60,  &c. 

T.  Find  all  numbers  of  which  100  is  a  multiple. 
P.  100  is  a  multiple  of  1,  2,  3,  4,  5,  10,  20,  25, 
and  50. 

T.  In  order  to  answer  this  last  question,  what 
were  you  obliged  to  do? 

P.  Find  all  numbers  which  are  exactly  con- 
tained in  100,  or  by  which  100  is  divisible. 

T.  It  is  for  this  reason  these  numbers  are  said  to 
be  divisors  of  100.  Name  a  number  which  is  a 
divisor  of  12. 

P.  1,  or  2,  or  3,  or  4,  or  6,  or  12. 
T.  Why? 

P.  Because  each  of  these  numbers  is  contained 
exactly  in  12. 

T.  Name  two  numbers,  of  which  the  one  is  not 
a  divisor  of  the  other ;  and  state  the  reason  why  it 
is  not. 

P.  5  is  not  a  divisor  of  12,  because  it  is  not  con- 
tained in  12  exactly. 

T.  Find  some  numbers  which  are  divisors  of  15, 
20,  40,  90,  3,  and  7.  . 

P.  Divisors  of  15,  are  1,  3,  5,  and  15. 

20,  ..    1,  2,  4,  5,  10,  and  20. 
40,  ..    1,  2,  4,  5,  8,    10,  20, 
and  40. 
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Divisors  of  90,  . .    1,  2,  3,  5,  6,  9,  10,  18, 

30,  45,  and  90. 
3,  ..    1  and  3. 
7,  ..    1  and  7. 


Answers  to  the  Exercises. 

Aits.  1.  A  number  which  contains  another  num- 
ber a  certain  number  of  times  exactly,  is  said  to 
be  a  multiple  of  the  latter. 

Arts.  2.  A  number  which  does  not  contain  an- 
other number  a  certain  number  of  times  exactly,  is 
said  to  be  not  a  divisor  of  the  latter. 

Ans.  3.  All  numbers  are  multiples  of  1. 
Ans.  4.  Multiples  of  13,  are  26,  39,  52,  &c. 

27,  . .  54,  81,  108,  &c. 

59,  ..   118,  177,236,  &c. 

87,   ..   174,  261,  348,  8cc. 

Ans.  5.  108. 

Arts.  6.  104  is  a  multiple  of  1,  2,  4,  8,  13,  26, 
52,  104. 

Ans.  7.  A  number  which  is  contained  in  another 
number  exactly,  is  said  to  be  a  divisor  of  the 
latter. 

Ans.  8.  A  number  which  is  not  contained  in  an- 
other number  exactly,  is  said  not  to  be  a  divisor  of 
the  latter. 

Ans.  9.  1  is  a  divisor  of  every  number. 
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Arts.  10.  Divisors  of  28,  are  1,  2,  4,  7,  14,  28. 
39,  . .   1,  3,  13,  39. 
48,   ..   1,2,3,4,6,8,  12, 

16,24,48. 
17,  ..    1,  17. 

•  •  .Ox/,       •  •        1,    £<J. 

70,  ..    1,  2,  5,  7,  10,  14, 

35,  70. 

50,  ..    1,2,5,  10,25,50. 
80,  ..    1,2,4,5,8,10,  16, 

20,  40,  80. 
66,  ..    1,  2,  3,  6,  11,  22, 

33,  66, 
112,  ..    1,2,4,7,8,14,16, 

28,56,  112. 
120,  ..    1,  2,  3,  4,  5,  6,8, 

10,12,15,20,24, 

30,  40,  60, 120. 
200,  . .    1,  2,  4, 5,  8, 10, 20, 

25,  40,  50,  100, 

200. 

LESSON  II.     Common  Multiples  and  Common 
Divisors. 

Teacher.  Find  the  numbers  of  which  12  is  a 
multiple. 

Pupils.  12  is  a  multiple  of  1,  2,  3,  4,  and  6. 

T.  We  will  now  reverse  the  question.  Find  a 
number  which  is  a  multiple  of  1,  2,  3,  4,  and  6. 
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P.   12  is  a  multiple  of  them. 

T.  For  this  reason  12  is  said  to  be  a  common 
multiple  of  1,  2,  3,  4  and  6.  Find  a  common  mul- 
tiple of  3  and  5. 

P.  15  is  a  common  multiple  of  3  and  5. 

T.  Why? 

P.  Because  15  is  a  multiple  of  3,  and  also  a 
multiple  of  5 ;  therefore  15  is  a  multiple  of  3  and 
of  5  at  the  same  time,  or  in  common. 

T.  When  is  a  number  said  to  be  a  common  mul- 
tiple of  two  or  more  numbers? 

P.  When  it  contains  each  of  these  numbers 
exactly. 

T.  Find  a  common  multiple  of  5  and  4. 

P.  20. 

T.  Find  other  numbers  which  are  likewise  com- 
mon multiples  of  5  and  4. 

P.  40,  80,  100,  &c. 

jT.  But  which  is  the  least  number  which  is  a 
common  multiple  of  5  and  4? 

P.  20. 

T.  Hence  what  may  be  said  of  20  ? 

P.  20  is  the  least  common  multiple  of  4  and  5. 

T.  Find  the  least  common  multiple  of 

2  and  3 Ans.'G. 

2  and  4   4. 

2  and  5   10. 

2  and  6    6. 

2  and  7   14. 

2  and  8   8. 

G 


122  LESSONS    ON    NUMBEtt. 

3  and  4 Ans.  12. 

3  and  5    15. 

3  and  7    21. 

3  and  8   t  . .       24. 

3  and  9 9. 

4  and  5   20. 

4  and  6   12. 

4  and  7    28. 

4  and  8   8. 

4  and  9    36. 

4andlO 20. 

4  and  11 44. 

4  and  12 12. 

2,  3,  and  4 12. 

Found  thus  :  —  least  common  multiple  of 

2  and  3  is  evidently  6 ; 
and  the  least  common  multiple  of 

3  and  4  is  12. 

Hence  the  least  common  multiple  of  2,  3,  and  4 
is  12. 

Similarly,  the  least  common  multiple  of 

2,  3,  5    Ans.  30. 

2,  3,  6    6. 

2,  3,  7 42. 

Of  2,  3,  4,  5,  6.     Found  thus  :  — 

Least  common  multiple  of  2  and  3  is    6. 

6  and  4  is  12. 
12  and  5  is  60. 
60  and  6  is  60. 
Hence  least  common  multiple  of  2, 3,  4, 5,  6,  is  60. 
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N.  B.  Before  proceeding,  the  pupils  must  be 
able  to  ascertain  with  readiness  the  least  common 
multiple  of,  at  least,  any  combinations  of  2,  3,  4, 
or  5  units. 

Teacher.  Name  a  number  of  which  2  is  a  divisor? 

Pupils.  2  is  a  divisor  of  4. 

T.  Name  another  number  of  which  2  is  likewise 
a  divisor. 

P.  6. 

T.  Hence,  what  may  be  said  of  the  number  2  ? 

P.  2  is  a  divisor  of  4  and  of  6  ; 

2  is  a  common  divisor  of  4  and  6. 

T.  See  whether  the  numbers  4  and  8  have  a 
common  divisor. 

P.  2  is  a  common  divisor  of  4  and  8. 

T.  These  numbers  have  another  common  divisor, 
besides  2 ;  which  is  it  ? 

P.  4. 

T.  Hence   the  common  divisors  of  4  and    8 


are 

P.  2  and  4. 

T.  Find  the  common  divisors  of  6  and  12. 

P.  1,  2,  3,  4,  and  6. 

T.  And  what  may  be  said  of  6  ? 

P.  6  is  the  greatest  divisor  of  6  and  12. 

T.  Find  the  common  divisors  of  12  and  20,  and 
see  which  of  them  is  the  greatest. 

P.  The  common  divisors  of  12  and  20  are,  1,  2, 
and  4  ;— the  greatest  is  4. 
G  2 
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T.  Find  the  greatest  common  divisor 

Of  15  and  20   Am.  5. 

6  and  24   6. 

12  and  30   6. 

4,  8,  and  16,  found  thus:  — 
The  greatest  common  divisor  of  8  and  16  is  8, 

and  of  8  and    4  is  4. 

Hence  the  greatest  common  divisor  of  4, 8,  and 
16,  is  4. 

Similarly,  of  5,  10,  and  15   Ans.  5. 

9,  12,  and  15   3. 

36,  18,  and  12   6. 

4  and    7   1. 

6,    7,  and    8 1. 

Answers  to  the  Exercises. 

1.  A  number  is  said  to  be  a  common  multiple  of 

two  or  more  numbers,  when  it  contains  each 
of  them  exactly. 

2.  The  least  number  which    contains  each  of 

them  exactly,  is  said  to  be  the  least  com- 
mon multiple. 

3.  The  least  common  multiple 

Of  2,  3,  4,  5 is  60. 

2,  3,  4,  6 is  12. 

2,  3,  4,  7 is  84. 

2,  3,  4,  8 is  24. 

2,  3,  4,  9 is  36. 
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Of   2,  3,  4,  10 is  60. 

3,  4,  5,  6   ......  is  60. 

3,  4,  5,  7   is  420. 

3,  4,  5,  8 is  120. 

3,  4,  5,  9 is  180. 

3,  4,  5,  10......  is  60. 

4,  5,  6,  7   is  420. 

4,  5,  6,  8 is  120. 

4,  5,  6,  9   is  180. 

4,  5,  6,  10......   is      60. 

2,  4,  6,  8,  10 is    120. 

2,  6,  8,  10 is     120. 

3,  7,  9,  5   is    315. 

5,  6,  7,  8,  9 is  2520. 

2,  3,  4,  5,  6,  7,  8, 

9,  10 is  2520. 

4.  A  number  which  is  contained  in  two  or  more 

numbers  exactly,  is  said  to  be  their  com- 
mon divisor. 

5.  And  the  greatest  number  which  is  so  con- 

tained kin  two  or  more  numbers,  is  said  to 
be  their  greatest  common  divisor. 

6.  The  greatest  common  divisor 

Of  18  and  48  is  6. 

36  and  24 is  12. 

80  and  48 is  16. 

60  and  84 is  12. 

100  and  25 is  25. 

144  and  96  .  ,  is  48. 
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Of   91  and  104 is  13. 

84  and  126 is  42. 

153  and  187 is  17. 

95  and  133 is  19. 

LESSON  III.     Prime  Numbers. 

Teacher.  Find  the  divisors  of  the  numbers  11, 
12,  and  13. 
Pupils.  Divisors  of  11  are  1  and  11. 

12  are  1,  2,  3,  4,  6,  and  12. 

13  are  1  and  13. 

T.  What  is  there  to  be  remarked  as  to  the  num- 
ber 9f  divisors  ? 

.P.  Some    numbers   have   more    divisors   than 
others. 

T.  Which   is  the  least  number   of  divisors   a 
number  can  have  ? 

P.  Two  divisors;  1  and  the  number  itself. 

T.  Give  some  instances  of  this. 

P.  The  divisors  of  11  are  1  and  11. 

13  are  1  and  13. 

7  are  1  and    7. 

5  are  1  and    5. 

T.  Such  numbers  are  called    prime  numbers. 
Find  10  numbers  which  are  prime  numbers. 

P.  1,2,3,5,7,11,  13,17,19,23. 

T.  Is  14  a  prime  number? 

P,  No,  because  its  divisors  are  1,  2,  7,  and  14, 
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T.  Can  a  prime  number  be  divided  into  two  or 
more  numbers,  which,  multiplied  together,  produce 
that  number? 

P.  No  ;  for  5  cannot  be  divided  into  two  num- 
bers, which  multiplied  together,  produce  5. 

T.  Can  a  number  which  is  not  prime  be  so 
divided  ? 

P.  Yes ;  for  10  =  2  x  5 ;  12  =  2  x  6. 

T.  Name  two  numbers  which,  multiplied  toge- 
ther, produce  20. 

P.  4  and  5. 

T.  Are  these  numbers  prime  numbers  ? 

P.  5  is  prime,  but  4  is  not. 

T.  Since  4  is  not  prime,  find  two  numbers 
which,  multiplied  together,  produce  4. 

P.  2x2. 

T.  [Writing  on  the  slate.]     Hence, 

20  =  4x5  =  2x2x5; 
is  this  correct  ? 

What  are  the  numbers  2,  2,  5  ? 

P.  They  are  prime  numbers. 

T.  Let  us  take  another  number  which  is  not 
prime. — Choose. 

P.  24. 

T.  Resolve  24  into  two  numbers. 

P.  4x6. 

T.  Are  these  prime  numbers? 
Resolve  each  into  two  numbers. 

P.  4  =  2  x  2,  and  6  =  2  x  3. 
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T.  Hence,  24  =  4x6  =  2x2x2x3. 

Resolve,  in  a  similar  manner,  20, 30, 40,  into 
prime  numbers. 
P.  20  =  4  x  5  =  2  x  2  x  5. 
30  =  6x5  =  2x3x5. 
40  =  8x5  =  4x2x5  =  2x2x2x5. 
T.  Hence,  every  number  which  is  not  prime, 

may  be  resolved 

P.  Into  other  numbers  which  are  prime. 
T.  You  said   before,  40  =  8  x  5.      Now,  con- 
sidering the  numbers  8  and  5  as  producing  the 
number  40,  when  multiplied,  they  are  called  fac- 
tors of  40. — Name  two  other  factors  of  40. 
P.  2  and  20,  or  4  and  10. 
T.  And  if  these  factors  be  prime  numbers,  the 
number  is  said  to  be  resolved  into  its  prime  J actors. 
Resolve  27  into  prime  factors. 
P.  27  =3x9  =  3x3x3. 
T.  Resolve  28  into  prime  factors. 
P.  28  =  4x7=2x2x7. 
T.  Resolve  30,  32,36,  40,  into  prime  factors. 
P.  30  =  3  x  10  =  3  x  2  x  5. 

32  =  4x  8  =  4x2x4  =  2x2x2x2x2. 
36  =  4x  9  =  2x2x3x3. 
40  =  4x10  =  2x2x2x5. 

Answers  to  the  Exercises. 

1.  A  number  having  no  other  divisors  besides 
unity  and  the  number  itself,  is  called  a 
prime  number. 
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2.  The  prime  numbers  are  • 


1. 

17. 

43. 

73. 

101. 

2. 

19. 

47. 

79. 

103. 

3. 

23. 

53. 

83. 

107. 

5. 

29. 

59. 

89. 

109. 

7. 

31. 

61. 

91. 

113. 

11. 

37. 

67. 

97. 

119. 

13. 

41. 

71. 

3.  Numbers  which,   multiplied   together,  pro- 

duce a  given  number,  are  said  to  be  factors 
of  that  number. 

4.  Prime  numbers  which,  multiplied  together, 

produce  a  given  number,  are  said  to  be 
prime  factors  of  that  number. 

5.  60  =  2  x  2  x  3  x  5. 
66  =  2x3x11. 
70  =  2  x  5  x  7. 

74  =  2  x  37. 

80  =  2x2x2x2x5. 

85  =  5x17. 

89  is  a  prime  number. 

90  =  2x3x3x5. 
100  =  2x2x5x5. 
102  =  2x3x17. 
115  =  5x23. 

200  =  2  x  2  x  2  x  5  x  5. 
300  =  2  x  2  x  3  x  5  x  5. 
400  =  2x2x2x2x5x5. 
500  =  2  x  2  x  5  x  5  x  5. 

G    5 
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LESSON  IV.     Square  Numbers. 

This  lesson  supposes  the  pupils  possessed  of 
some  elementary  notions  of  form.  Their  attention 
being  directed  to  a  comparison  between  squares 
constructed  upon  multiple  lines,  they  are  thence 
to  deduce  the  truths  which  follow  :  — 


Note.  These  elementary  notions  are  conveyed  in  "  Lessons  on 
Solids  ;"  a  little  work  which  has  long  been  in  use  in  Cheam  School, 
and  is  now  preparing  for  publication.  Pupils  who  have  not  received 
this  instruction,  may  easily  be  led  to  the  knowledge  that  a  square  is 
a  surface  having  four  equal  sides,  and  its  angles  right  angles. 
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If  fig.  a  represent  a  square,  of  which  one  side 
be  1  inch  long,  each  of  the  other  sides  is  likewise 
1  inch  long,  and  the  surface  a  is  called  1  square 
inch ;  and  if  one  side  be  1  foot,  1  yard,  or  1  mile 
long,  the  surface  a  is  called  1  square  foot,  1  square 
yard,  or  1  square  mile.  Again,  if  fig.  b  represent 
a  square,  of  which  1  side  is  2  inches  long,  each 
side  is  2  inches  long ;  hence,  dividing  each  side 
into  2  equal  parts,  and  drawing  lines  joining  the 
sections,  the  surface  b  is  a  square  containing  4 
squares,  each  equal  to  fig.  a ;  that  is,  4  square 
inches,  4  square  feet,  4  square  yards,  or  4  square 
miles,  according  as  fig.  a  is  1  square  inch,  foot, 
yard,  or  mile.  Likewise,  if  fig.  c  represent  a 
square,  of  which  1  side  is  3  inches  long,  each  side 
is  3  inches  long;  and  hence,  dividing  each  side 
into  3  equal  parts,  and  drawing  lines  joining  the 
sections,  the  surface  c  is  a  square  containing  9 
squares,  each  equal  to  fig.  a;  that  is,  9  square 
inches.  By  a  similar  process,  it  may  be  ascer- 
tained, that  if  fig.  d  represent  a  square,  of  which 
1  side  is  4  inches  long,  the  surface  d  is  a  square 
containing  16  square  inches ;  and  if  squares  be 
constructed  upon  lines  5,  6,  7,  8,  9,  10  inches  long, 
the  surfaces  will  be  found  to  contain  25,  36,  49, 
64,  81,  and  100  square  inches  respectively.  Hence 
it  may  be  said  in  general :  — 

The  square  of  1  inch  length  is      1  square  inch. 

2  inches   . .     is      4     . .    inches. 

3  ..        ..is      9     ,. 
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The  square  of  4  inches  length  is    16  square  inches. 

5  . .  . .  is   25      . .        . . 

•  •          6  .  •  . .  is    36      •  •        •  • 

7  v«  •  •  is    49 

8  . .  is    64 

•  •          9  . .  is    81 

10  ..  ..  is  100 

And,  if  instead  of  "  inch  length,"  we  have  foot, 
yard,  or  mile  length,  we  should  have  square  feet, 
square  yards,  square  miles.  Now,  omitting  the 
idea  of  length,  it  may  be  said  generally :  - 

The  square  of  1  is    1.  The  square  of  6  is    36 

2  is    4.  ..             7  is  49.' 

3  is    9.  . .             8  is   64. 

4  is  16.  ..             9  is    81. 

5  is  25.  . .            10  is  100. 

Originally,  the  numbers  1,  2,  3, 10, 

represent  the  length  of  the  sides  ; 

And  the  numbers 1,  4,  9,  ........  100, 

the  squares  constructed  upon  them. 

In  the  abstract,  the  numbers  1,  2, 3, 10, 

are  called  roots; 

And  the  numbers 1,4,  9, 100, 

their  squares  respectively;  and  for  this  reason  1, 
4,  9,  36,  49,  8cc.  are  called  square  numbers  ,•  and 
2,  3,  5,  6,  7,  &c.  are  not  square  numbers. 

To  arrive  at  these  results,  the  teacher  may  pro- 
ceed thus:  — 

Teacher.  Tell  me  what  you  know  of  a  square. 
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Pupils.  A  square  is  a  surface  having  4  equal 
sides,  and  4  right  angles. 

T.  [Describes  a  square  upon  the  slate.] 


If  fig.  a  is  a  square,  of  which  1  side  is  1  inch 
long,  what  else  is  known  ? 

P.  Each  of  the  other  sides  is  likewise  1  inch 
long. 

T.  And  what  may  the  surface  a  be  called  ? 

P.  One  square  inch. 

T.  And  if  1  side  of  fig.  a  represent  1  foot, 
1  yard,  or  1  mile,  what  may  the  surface  a  be  called 
each  time  ? 

P.  One  square  foot,  one  square  yard,  or  one 
square  mile. 

T.  Let  one  of  you  come  here,  and  describe  a 
square,  of  which  one  side  is  2  inches  long. 

P.  [Describes  upon  the  school  slate  fig.  £.] 

2 


T.  Compare  this  square  with  the  former,  which 
is  the  greater  surface? 

P.  The  second  square,  square  b 
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T.  What  must  be  done  to  ascertain  how  many 
times  it  is  greater  ? 

P.  Divide  each  of  the  sides  into  two  equal 
parts,  and  draw  lines  joining  the  sections. 

T.  Do  it. 

P.  [At  the  slate.] 


P.  It  is  4  times  as  great. 

T.  Hence  if  fig.  b.  represent  a  square,  of  which 
a  side  is  2  inches  long,  the  whole  surface  con- 
tains   ? 

P.  4  square  inches. 

T.  And  if  a  side  be  2  feet,  2  yards,  or  2  miles 
long. 

P.  The  whole  surface  contains  4  square  feet, 
4  square  yards,  or  4  square  miles. 

T.  Describe,  each  on  your  slates,  a  square,  of 
which  a  side  is  3  inches  long ;  proceed,  as  we  have 
done  just  now,  and  tell  me  how  many  square  inches 
it  contains. 

P.  9  square  inches. 

T.  Proceed  in  a  similar  way  with  a  square,  of 
which  a  side  is  4  inches  long. 

P.  It  contains  16  square  inches. 

T,  Continue   in   a   similar  manner  describing 
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squares  whose  sides  are  5,  6,  7,  8,  9,  and  10  inches 
long. 

P.  We  have  not  room  enough. 
T.  How  can  you  remedy  this  ? 
P.  We  must  describe  smaller  squares,  and  sup~ 
pose  the  sides  to  be  so  many  inches  long. 
T.  What  have  you  found  ? 
P.  A  square,  whose  side  is  5  inches  long,  con- 
tains 25  square  inches ; 
if  6  inches  long,  it  contains  36  square  inches  ; 

if? 49 

&c.     &c.     &c. 

T.  If  a  square  contain  4  square  inches,  how 
many  square  inches  lay  on  one  side? 


P.  Two. 

T.  And  how  many  such  rows  of  two  squares 
each  does  the  whole  contain  ? 

P.  Two  rows. 

T.  If  a  square  contain  9  square  inches,  how 
many  squares  lie  on  one  side  of  it  ? 
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P.  Three  squares. 

T.  And  how  many  such  rows  of  3  squares  each 
does  the  whole  contain? 

P.  3  rows. 

T.  If  a  square  contain  100  square  inches,  how 
many  squares  lie  on  1  side  of  it  ? 

P.  10  squares. 

T.  And  how  many  such  rows  of  10  squares 
each  does  the  whole  contain  ? 

P.  10  rows. 

T.  Now  suppose  a  square  on  one  side,  of  which 
lie  11  square  inches,  how  many  such  rows  of 

1 1  squares  each  must  the  whole  contain  ? 
P.  11  rows. 

T.  How  many  square  inches  then  must  a  square 
contain  of  which  a  side  is  1 1  inches  long? 

P.  11  times  11,  that  is,  121  square  inches. 

T.  And  how  many  square  inches  does  a  square 
contain  of  which  the  length  of  a  side  is  12  inches  ? 

P.  On  1  side  lie  12  squares,  and  there  must  be 

12  rows  each  of  12  squares ;  it  contains,  therefore, 
12  times  12,  that  is,  144  square  inches. 

T.  How  many  square  inches  are  in  a  square  of 
which  a  side  is  13,  14,  15,  16,  17,  &c.  inches 
long? 

P.  13  x  13  or  169. 


14x14  or  196. 

15  x  15  or  225. 

16  x  16  or  256. 

17  x  17  or  289. 


Square  inches. 


DIVISION.  137 

T.  Endeavour  to  express,  in  words,  how  the 
content  (area)  of  a  square  is  found,  if  the  length 
of  its  side  be  known. 

P.  Multiply  the  number  of  the  length  of  the 
side  by  itself. 

T.  Let  us  repeat  —  If  the  side  of  a  square  be  1 
inch,  1  foot,  1  yard,  1  mile  long,  what  is  the  sur- 
face called  each  time? 

P.  1  square  inch,  1  square  foot,  1  square  yard, 
1  square  mile. 

T.  In  general,  then,  if  the  side  of  a  square  be 
called  one,  the  surface  must  likewise  be  called 

P.  One. 

T.  Or,  in  other  words,  the  square  of  1  is 

P.  1. 

T.  In  a  similar  way,  the  square  of  2  is 

P.  4. 

T.  The  square  of  3,  4,  5,  &c.  are  ? 

P.  9,  16,  25,  &c. 

T.  Speaking  of  numbers,  then,  without  reference 
to  length,  the  numbers  1, 4,  9,  16,  25,  &c.  are  call- 
ed square  numbers;  and  the  numbers  1,  2,  3,  4,  5, 
Sec.  which  represent  the  length  of  the  sides  of  the 
squares,  are  then  called,  not  sides,  but  square  roots. 
What  is  the  square  of  8  ? 

P.  64. 

T.  And  what  is  the  square  root  of  64  ? 

P.  8. 

T.  What  is  the  square  root  of  1  ? 

P.  1. 
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T.  Which  is  the  next  square  number,  and  what 
is  its  square  root? 

P.  The  next  square  number  is  4,  and  its  root 
is  2. 

T.  Is  the  square  root  of  2  more  or  less  than  1  'I 

P.  It  must  be  more  than  1,  but  less  than  2, 
because  the  square  root  of  4  is  2. 

T.  And  what  may  be  said  of  the  square  root 
of3? 

P.  It  must  be  more  than  the  square  root  of  2, 
but  still  less  than  2. 

T.  The  next  number  is  4,  and  its  square  root  is 
exactly 

P.  2. 

T.  The  next  number  is  5,  and  its  square  root 

P.  More  than  2,  but  less  than  3,  because  the 
square  root  of  9  is  3. 

T.  The  next  numbers  are  6,  7,  8,  and  their 
square  roots  are 

P.  All  more  than  2,  but  still  less  than  3. 

T.  What  are  the  square  roots  of  10,  11,  12,  13, 
14,  15? 

P.  All  more  than  3,  but  less  than  4. 

T.  What  is  the  square  root  of  50  ? 

P.  More  than  7,  but  less  than  8. 

T.  Now,  if  a  number  is  more  than  7,  but  less 
than  8,  how  much  must  it  be  ? 

P.  A  little  more  than  7 ; — 7  and  a  part  of  1. 

T.  You  do  not  know  what  part  of  1  to  call  this. 
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In  our  next  lesson  we  will  speak  of  the  parts  of  1, 
or  fractions,  as  they  are  called. 

The  idea  of  the  division  of  unity,  and  of  the 
necessity  of  this  division,  are  thus  strongly 
awakened  in  the  minds  of  the  pupils ;  and  the 
moment  is  now  arrived  to  acquaint  them  with  the 
parts  of  unity,  or  what  are  called  fractions. 

Answers  to  the  Exercises. 

Am.  1.     1,  4,  9,  16,  25,  36,  49,  64,  81,  100,  121, 
144,  169,  196. 

2.  100,  400,  900,  1600,  2500,  3600,  4900, 

6400,  8100,  10000. 

3.  The  square  root  of  a  number  represents 

the  side  of  which  the  number  is  the 
square  ;  or  the  square  root  of  a  number 
is  such  as,  being  multiplied  by  itself, 
produces  the  given  number. 

4.  More  than  9,  but  less  than  10. 
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CHAPTER  VI.— FRACTIONS. 

§  1.     DENOMINATIONS    OF    HALVES,    THIRDS, 
FOURTHS,    &C. 

LESSON  I.     Halves. 

THE  first  notions  of  fractions  are  obtained,  like  the 
first  ideas  of  number,  from  the  senses.  As  before, 
a  line  furnishes  sufficient  means  to  effect  that  pur- 
pose. To  obtain  halves,  then,  a  line  is  divided 
into  2  equal  parts ;  to  obtain  the  idea  of  thirds,  it 
is  divided  into  3  equal  parts ;  to  obtain  fourths, 
fifths,  sixths,  8cc.,  it  is  divided  into  4,  5,  6,  &c. 
equal  parts  successively,  as  will  be  seen  in  detail 
from  what  follows. 

Teacher.  Draw  a  straight  line  on  your  slate,  and 
divide  it  into  two  equal  parts. 

Pupils.  1 . 

T.  What  part  is  one  of  these  divisions  of  the 
whole  line  ? 

P.  One-half. 

T.  What  is  the  other  part  of  the  whole  line  ? 

P,  Likewise  one-half. 
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T.  What  are  the  two  parts  taken  together? 

P.  The  whole  line. 

T.  How  many  halves,  then,  are  in  one  line? 

P.  Two  halves. 

T.  By  what  means  is  the  half  of  any  thing  ob- 
tained ? 

P.  By  dividing  it  into  two  equal  parts,  and 
taking  one  of  these  parts. 

T.  Imagine  the  number  1  divided  into  2  equal 
parts  ;  what  will  you  call  each  of  these  parts  ? 

P.  One-half. 

T.  One-half  is  written  thus,  J.  How  many 
halves  together  make  1  ? 

P.  2  halves. 

T.  If  we  wish  to  express  this  shortly  in  writing, 
how  could  it  be  done? 

P.  Thus,  J-fi  =  l. 

T.  Two  halves  is  written  thus,  f ;  hence  1  is 
the  same  as  —  — .  Write  the  answer  on  your 
slates. 

P.  1  =  f. 

T.  Since  in  1  there  are  -f ,  how  many  halves  are 
there  in  2  ? 

P.  Twice  f ;  that  is,  4  halves. 

T.  How  will  you  write  4  halves  ? 

P.  Thus,  f . 

T.  Hence  2  is  the  same  as  | ; — express  this 
shortly  in  writing. 

P.  4  =  2. 

T.  And  how  much  is  |  ? 
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P.  One  and  one-half. 

T.  Write  this  on  your  slates. 

P.  i  =  1J. 

T.  How  many  halves  are  there  in  3,  4,  5,  6,  7, 
&c// 

P.  6,  8,  10,  12, 14,  &c.  halves. 

T.  You  say  14  halves  are  7  ;  tell  me  why  ? 

P.  Because  in  1  there  are  f ,  and  therefore  in  7 
there  must  be  7  times  f ,  that  is,  y . 

T.  How  many  halves  are  there  in  17  ? 

P.  In  1  there  are  f ,  and  in  17  there  are  17  times 
-f,  which  are  3-/. 

T.  Let  us  write  what  we  have  learnt  upon  the 
slate.  [Writing.] 

1  =  f .  6  =  V2- 

2  =  f.  7  =  y. 

3  =  f .  8  =  L6. 

4  =  f .  9  =  V8- 

5  =  V°.  10  =  2f . 

&c. 
Read  this. 

P.  [Read]     1  is  equal  to  2  halves. 

2  are  equal  to  4  halves. 

3  are  equal  to  6  halves, 

&c.  &c. 
T.  We  will  now  reverse  the  questions. 

How  much  are  f ,  f ,  f,  f ,  &c. 
P.  1,  2,  3,  4,  fee. 
T7.  How  much  are  %8  ? 
P.  24. 
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T.  Tell  me  how  you  found  this. 

P.  Because  f  =  1,  as  often  as  f  are  contained 
in  4T4,  so  many  ones  we  shall  have.  Now  f  are 
contained  in  *-£  24  times ;  therefore  %8  =  24. 

T.  Instead  of  saying  ones,  it  would  be  better  to 
say 

P.  Units. 

T.  Hence  %8  are  equal  to 

P.  24  units. 

T.  How  many  units   are  there  in  y,  y,  5-/, 

VI 

P.  81,  18},  29,  48 j. 

N.  B.  The  pupils  must  be  able  to  state  how 
they  have  obtained  these  answers. 

T.  There  is  another  sort  of  questions  connected 
with  the  idea  of  halves ;    when  you  are  able  to 
answer  them,  we  shall  proceed.     It  is  this :  — 
What  is  1  of  1  ? 

P.  *: 

T.  What  is  i  of  2? 

P.  f ,  or  1. 

T.  What  is  i  of  3  ? 

P.  f ,  or  li. 

T.  What  is  \  of  4,  of  5,  of  6,  of  7,  8cc.  ? 

P.  2,  2J,  3,  31,  &c. 

T7.  What  is  I  of  17  ? 

P.  Because  |  of  1  is  J. 

J  of  17  must  be  17  x  \  ; 

that  is,  17J,  or  8}. 
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T.  What  are  f  of  a  number? 
jp.  The  whole  number. 
T.  What  are  f  of  59? 
P.  59. 

T.  And  if  one-half  of  a  number  be  taken  3 
times,  what  must  the  answer  be? 

P.  More  than  the  number ;  the  number  more 
one-half  of  the  number. 

T.  What  then  are  f  of  12? 

P.  18;  because  J  of  12  =  6,  therefore  f  of  12 

=  3x6  =  18. 

or  because  |  of  12  =  12,  and  J  of  12  =  6. 
therefore  f  of  12  =  12  x  6  =  18. 
T.  And  if  one-half  of  a  number  be    taken  4 
times,  what  must  be  the  answer? 

P.  Twice  the  number;  because  f  of  a  number 
are  equal  to  the  number,  and  f  of  a  number  must 
therefore  be  equal  to  twice  the  number. 
T.  How  much  is  •£  of  8  ? 
P,  16 ;  because  \  of  8  =  4,  therefore  f  of  8  = 

4x4=16; 
or, 

because  f  of  8  =  8; 
therefore  -f  of  8  =  2  x  8  =  16, 
T.  Wrhat  are  f  of  20  ? 
P.  50. 

T.  What  are  f  of  4? 
P.  3  x  4  or  12. 

&c. 
T.  Before  we  proceed,  I  wish  you  to  tell  me 
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what  sort  of  questions  we  have  had  since  we  began 
fractions. 

P.     1.  The  first  sort  was, 

How  many  halves  are  there  in 
1,  2,  3,  4,  5,  &c. 

2.  The  second  sort  was, 

How  many  units  are  there  in 
f ,  f ,  f ,  &c.  V,  &c. 

3.  The  third  sort  was, 

How  much  is  |  of  14,  f  of  26,  &c. 
The  teacher  and  pupils  are  to  give  questions  to 
the  class,  after  which  the  exercises  in  Part  II.  are 
to  be  taken  up. 

Answers  to  the  Exercises. 

Ans.  1.  If  a  number  be  divided  into  two  equal 
parts,  each  of  those  parts  is  called 
one  half  of  the  number. 

2.  lf4;  H°;  2f6;  6f°;  15-J8;  19J2. 

3.  38i  ;  47|  ;  66J  ;  172J  ;  394£  ;  493. 

4.  f  of    49  =  73i;       y  »f  12  =    66  ; 
|  of    58  =  145  ;       ^  of    5  =    32$  ; 
*of    89  =  3111;     y  of    3=    21; 
f  of  100  =  400  ;       V  «f  20  =  150; 
|  of    43  =  193$  ;     ^  of  15  =  142$. 

LESSON  II.     Thirds. 

Teacher.  [Draws  a  straight  line  upon  the  slate] 
H 
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a 1- 1 b.    Let  us  divide  the  straight  line 

c       d 

a  b  into  3  equal  parts,  and  put  the  letters  c  d  at 
the  points  of  section.  What  part  of  the  whole 
line  is  a  c? 

P.  One-third. 

T.  Andcd,db? 

P.  Each  one-third. 

T.  How  many  thirds  then  make  up  the  whole 
line? 

P.  3  thirds. 

T.  What  part  of  the  whole  line  is  ad? 

P.  2  thirds. 

T.  By  what  means  is  a  third  of  any  thing  ob- 
tained ? 

P.  By  dividing  it  into  three  equal  parts,  and 
taking  1  of  them  ? 

T.  And  by  what  means  are  two-thirds  of  any 
thing  obtained  ? 

P.  By  dividing  it  into  3  equal  parts,  and  taking 
2  of  them. 

T.  If  now  we  imagine  the  number  1  divided 
into  3  equal  parts,  what  will  you  call  each  of  the 
parts  ? 

P.  One-third. 

T.  One-third  is  written  thus,  -§-.  Let  us  examine 
this  mode  of  writing  one-third.  What  does  the 
number  3  express  ? 

P.  It  shows  that  1  has  been  divided  into  3  equal 
parts. 
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T.  And  what  does  the  1  express  ? 

P.  That  1  of  these  3  equal  parts  has  been 
taken. 

T.  How  are  two-thirds  of  1  obtained? 

P.  By  supposing  1  divided  into  3  equal  parts, 
and  taking  2  of  them. 

T.  Try,  now,  to  express  two-thirds  in  writing. 

p.*. 

T7.  You  have  written  2  above  3,  and  separated 
both  numbers  by  a  small  line  drawn  between  them. 
Some  of  you  have  put  3  above  2.  .Did  I  proceed 
thus  in  writing  ^? — Which  number  have  I  put 
below  the  line  ? — which  above  ?  Remember,  then, 
the  number  which  shows  into  how  many  parts  1 
has  been  divided,  is  put  below  that  which  shows 
how  many  of  the  parts  are  taken.  Hence,  what 
does  f-  mean  ? 

P.  That  1  has  been  divided  into  2  equal  parts, 
and  that  3  of  such  parts  have  been  taken.  It 
means  \  taken  3  times. 

T.  Now  express  3  thirds. 

p.*. 

T.  And  what  are  f-  equal  to  ? 

p.  1=  i. 

T.  In  our  last  lesson  on  halves,  we  had  f  =  1 ; 
what  were  the  questions  after  that  ? 

P.  How  many  halves  are  in  2,  3,  4,  &c.  ? 

T.  Let  us,  then,  ask  ourselves  how  many  thirds 
there  are  in  2,  3,  4,  5,  &c. 

P.  *,*,  V2,  V5>&c. 

H    2 
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T.  How  many  thirds  are  there  in  21  ? 

P.  6g?  ;  because  in  1  there  are  -f  ;  in  21,  there- 
fore, there  must  be  21  times  -§-,  that  is,  6^. 

T.  What  was  the  next  sort  of  questions  in  our 
lesson  on  halves? 

P.  Just  the  reverse.    How  many  units  are  there 


T.  How  many  units  are  there  in  4-/  ? 

P.  16-J-;  because  J-  =  1  ;  therefore,  as  often  as 
4  are  contained  in  4T9,  so  many  units  there  will  be. 
Now  f  are  contained  in  4T9  16  times,  and  ±-  more  ; 
therefore  4T9  =  16£. 

T.  And  what  was  the  third  sort  of  questions  in 
halves  ? 

P.  How  much  is  f  of  18  ;  f  of  29,  &c. 

T.  How  much,  then,  is  %  of  2  ? 

P.  f  ;  because  -|-  of  1  =  -g-  ;  therefore  ^  of  2  must 
be  2  times  i,  that  is,  f  . 

T.  How  much  is  £  of  4,  5,  6,  &c.  100  ? 

P.     4.  of  4  =   H  ; 
i  of  5  =   If; 
%  of  6  =  2  ; 
and  £  of  100  =  33£. 

T7.  How  much  is  f  of  2? 

P.  1^-  ;  because  £  of  2  =  f  ;  therefore  f  of  2 
must  be  twice  f  ;  that  is,  ^,  or  1^. 

T.  How  much  is  f  of  7,  14,  20,  50  ? 

P.     Because    £  of  7  =  -J-  =  2£  ; 

therefore  f  of  7   =  2  x  24-  =  4f  . 
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Again, 

Because    £  of  14  =  V4  =  4t  5 

therefore  f  of  14  =  2    x  4f-  =  9£. 
Also, 

Because   £  of  20  =  2T°  =  Gf  ; 

therefore  f  of  20  =  2  x  6f  =   13^. 
And, 

Because    *-  of  50  =  *T°  =   16f  ; 

therefore  f  of  50  =  ;2  x  16f  "=  33i. 

Similar  solutions  are  required  for  each  of  the 
questions  given  by  the  teacher  and  the  pupils, 
after  which  the  exercises  in  Part  II.  are  taken  up. 

Answers  to  the  Exercises. 

Ans.  1.  f  means  that  1  has  been  divided  into  2 
equal  parts,  and  that  one  of  these 
parts  has  been  taken  5  times. 
And  f  means  that  1  has  been  divided 
into  3  equal  parts,  and  that  one  of 
these  parts  has  been  taken  5  times. 

2.  7£  =  v  ;  19f  =  V- 

81  =  ¥  ;  *?i  =  2f  2. 

3.  2_s   =  9^  and  2_s   =   14. 

4_5    =  22J. 


=  39,  and  *y 

=  47,  and  i-f1  =  70J. 

=  67,  and  201  =100J. 
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AmA.     f  of    19  =  12f ;  f  of   59  =    78f. 
f  of   53  =  35-J- ;  |  of  48  =    80. 
|  of    80  =  53£;  f  of  50  =  100. 
f  of   86  =  571- ;  T.  of   81  =  189. 
|  of  100  =  66f ;  f  of   82  =  218f. 
f  of  126  =  84 ;     £  of  100  =  300. 


LESSON  III.     Fourths. 

Teacher.  Draw  a  straight  line  on  your  slates, 
and  divide  it  into  4  equal  parts. 

Pupils.  1 1 1 . 

T.  What  part  of  the  whole  line  is  one  of  these 
parts  ? 

P.  1  fourth. 

T.  And  what  are  2  parts  ? 

P.  2  fourths. 

T.  What  are  3  parts? 

P.  3  fourths. 

T.  And  what  are  the  4  parts  taken  together? 

P.  4  fourths,  or  the  whole  line. 

T.  If,  now,  we  imagine  the  number  1  to  be 
divided  into  4  equal  parts,  what  is  each  of  the 
parts  called  ? 

P.  One-fourth. 

T.  Write  in  figures  one-fourth. 

P.  i. 

T.  What  are  2  parts  called  ? 

P.  f- 
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T.  What  are  3  parts  called  ? 

P.  f  . 

T.  What  does  the  number  4  indicate  ? 

P.  That  1  has  been  divided  into  4  equal  parts. 

T.  It  is  called  the  denominator.  Thus,  in  the 
fraction  f,  what  is  the  name  of  the  parts  into  which 
1  has  been  divided  ? 

P.  Thirds. 

T.  Hence  the  number  3  names  or  denominates 
the  parts  into  which  1  has  been  divided.  And  in 
the  fraction  f  ,  what  does  3  indicate  ? 

P.  That  3  of  the  4  equal  parts  have  been 
taken. 

T.  That  is,  it  shows  the  number  of  parts  taken, 
and  it  is  thence  called  the  numerator.  In  •§-,  which 
is  the  denominator,  —  which  the  numerator  ? 

P.  3  is  the  denominator,  and  2  the  numerator. 

T.  How  many  fourths  are  there  in  1,2,  3,  4,  5, 
&c  .....  100? 

P-  %>  t>  v>  y,  ¥  ••••  4r- 

T.  Our  second  sort  of  questions  are  the  reverse  of 
the  above  ;  that  is,  how  many  units  are  there  in 


P.  H,  If,  1|,  2,  2J....  26. 
T.  And  our  third  sort  of  questions  are,  What  is 
of  2,  3,  4  ....  17? 

p.  f,  i,  i....4i. 

T.  What  is  f  of  37  ? 

P.  i  of  37  =  «  =  9i  ;  and 

f  of  37  =  2  x  9J  =  18|. 
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T.  How  much  is  |  of  23  ? 
P.  i  of  23  =  2_p  =  53  .  and 
|  of  23  =  3x53  =  17J. 


Answers  to  the  Exercises. 

Ans.  1.  The  denominator  of  a  fraction  indicates 
how  many  equal  parts  1  has  been 
divided  into  ;  and  the  numerator 
shows  how  many  of  the  equal  parts 
have  been  taken. 

2.  53=¥;  73  =  ¥;  i9t  =  V;  3*3  = 

if*;    113J  =  4|3  5    239I  =  H9  » 
271i  =  10T85. 

3.  v=  8i;  V7  =  6*;  V=  4t. 


V  =435     V  =28f;   y  =21f. 


166|. 


4.     f  of  17  =  Hi-;  e  Of   33  =    49^ 

|  of  17  =  12|;  i  of   25  =    43|. 

f  of  82  =  54f  ;  f  of  136  =  272. 

|  of  82  =  61f  ;  f  of  116  =  261. 

J  of  96  =  72;  u>of   44  =  110. 

f  of  71  =88|;  V  of  29  =    79|. 
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LESSON  IV.     Fifths,  Sixths,  Sevenths. 

If  a  straight  line  be  divided  into  5,  6,  7  equal 
parts,  the  pupils  will  arrive  at  the  idea  of  5ths, 
6ths,  7ths.  A  process  quite  analogous  to  that 
pursued  in  the  previous  lessons,  is  then  applied  to 
number  1.  The  following  are  instances  of  these 
sorts  of  questions,  referred  to  in  Lessons  I.,  II., 
III. 

1.  Reduce  1,  2,  3,  4 98,  99,  100  to  5ths. 

..       1,2,3,4 99,  100  to  6ths. 

..       1,2,3,4 99,  100  to  7ths. 

2.  Reduce  to  units  f,  £,  T8T 9/»   1f°.  " 

78         9  99100 

^>    W)      ~5 6   9        6"     • 

..     f,  *,  V0 V.  *r- 

3.  How  much  is  f  of  27  ;  f  of  39 ;  f  of  63, 

&c.? 
..      f  of  31;  f  of  48;  |  of  55, 

&c.? 

..       $  of  17;  f  of  30;  A  of  43; 
f  of  100,  &c.  ? 

Answers  to  the  Exercises. 

Ans.l.  2|5  ;  2|5  ;  5f *  ;  6|5  ;  10-/°  ;  1S-/S, 

2.  17f ;  lOf ;  19f ;  22| ;  33$ ;  43f ;  68f ; 
;  112J;  135*. 
H  5 


154  LESSONS    ON    NUMBER. 

Ans.  3.  $  of  53  =  42f  ;  f  of  216  =  129$  ; 

f  of  89  =  53f  ;  f  of  331  =  132f  ; 

I  of  117  =  46f  ;  |  of  459  =  367£  ; 
f  of  189  =  15l£. 

4.  034;    582;     690.     I  OJ  4  .     1  4_,2  8  .     27^54, 

5.  15$;  24f;  30f  ;  36^;  57^;  76;  96; 

113;  148f. 

6.  ^  of    86  =  14f  ;  f  of  187  =  155f  ; 
f  of    93  =  31;  I  of    44=    51f; 
fofll5  =  57f;  fof    80=106f; 
f  of  139  =  92|, 

7^        6  5.1  •     819.     1  3_0  2  •     1  4_9  8  .     2  1_2  8  .     2  9  0  5  . 

8.  7f;    12$;    13|;  214;   27;  31;  35^; 

46$  ;  69$  ;  77  ;  97$. 

9.  $of  86=  12$;  fof  200  =171$; 
$of  94=  26|;  fof  319  =  273$; 
f  of  112  =  48  ;   f  of  480  =  342f  ; 
$  of  186  =  106$  ;  $  of  590  =  337$  ; 
fof  190=135$;  $  of  640  =  274$. 


LESSON  V.     Eight/is,  Ninths,  Tenths. 
Answers  to  the  Exercises. 

.}.    HS;  6f8;  "6;  'V8;  14«16;  'V4; 


2.  11$;  18;  29* ;  39| ;  56f;  64|;  84; 
97i;  106; 
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3.  |  of    49  =    6i  ;  £  of  156  =    97$  ; 
fof    73  =  18f;  £  of  200  =  150; 
£  of  100  =  37$  ;  |  of  346  =  302-f  ; 
!  of  115  =  57$. 

4.  *£4.  »$5;  i^7;  19544;  3V9- 

5.  4$  ;  12*  ;  20^  ;  24^  ;  39J. 

6.  £of    86=    9|;     |  of  134  =    74$; 
f  of  144  =  32  ;      f  of  242  =  161|  ; 
f  of    63  =  21  ;       $  of  313  =  243|  ; 
$  of  1  15  =  51|  ;     £  of  516  =  458$. 

7.  w  >  in°  •>  2H°  ;  3-B°- 

8. 


.  9.     TV  of    87  =      8^; 
T%  of  115  =    23; 
A  of  186=    55T^; 
T%  of  217=    8ft&; 
T\  of  316  =  158; 
A  of  419  =  251T%; 
TV  of  528  =  369T<V; 
A  of  674  =  539^; 
A  of  749  =  674TV 
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§2.     OF    THE    DIFFERENT    EXPRESSIONS    FOR 
THE    SAME    INACTIONS. 

LESSON  I. 
Different  Expressions  for  Halves. 

If  a  straight  line  be  divided  into  2  equal  parts, 
and  each  of  these  parts  be  further  subdivided  into 
2,  3,  4,  5,  &c.  equal  parts,  the  whole  line  will  thus 
be  divided  into  4,  6,  8,  10,  &c.  parts,  of  which  the 
half  contains  2,  3,  4,  5,  &c. 


That  is,  one  half  of  the  line  is  the  same  as 
2  fourths,  as  3  sixths,  as  4  eighths,  as  5  tenths,  &c. 
If  the  same  kind  of  division  be  afterwards  applied 
to  the  number  1,  we  shall  have 

I  =  •£  =  t  =  i  =  h  =  A.  &c- 

By  a  similar  process  it  will  be  found 
That  i  =  f  =  *  =  T%  =  tv,  8cc. 

And  so  on  as  will  be  shown  in  the  following 
lessons  :  — 

Teacher.  Draw  a  straight  line  on  your  slates, 
which  divide  into  2  equal  parts.  What  is  each  of 
the  parts  called  ? 

Ptipils.  One-half, 

T.  Subdivide  each  of  these  halves  again  into 
2  equal  parts,  into  how  many  parts  is  then  the 
whole  line  divided  ? 
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P.  Into  4  equal  parts. 

T.  What  then  is  each  of  them  called  ? 

P.  One-fourth. 

T.  And  how  many  of  these  fourths  are  there  in 
half  the  line? 

P.  Two-fourths. 

T.  Hence  it  may  be  said  that  one  half  is  the 
same  as 

P.  One  half  is  the  same  as  two-fourths. 

T.  Instead  of  dividing  each  half  into  2  equal 
parts,  divide  them  into  3  equal  parts,  and  state 
what  you  observe, 

P.  One-half  is  the  same  as  3  sixths. 

T.  Continue  to  divide  each  half  into  4,  5,  6? 
&c.  equal  parts,  and  state  each  time  what  *you 
observe. 

P.  One-half  is  the  same  as  4  eighths,  or  as 
5  tenths,  or  as  6  twelfths,  Sec. 

T.  Let  us  now  apply  what  we  have  learnt  to  the 
number  1.  Suppose  1  to  be  divided  into  2  equal 
parts,  each  of  them  then  is  called  * 

P.  J. 

T.  And  if  each  of  these  halves  be  divided  into  2 
equal  parts,  the  number  1  is  then  divided  into  — 

P.  Fourths, 

T.  And  J  contains  how  many  of  these  fourths  ? 

P.  Two-fourths. 

T.  Come  here  and  write  this  on  the  slate. 

P.  1  =    . 
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T.  And  if  each  J  is  divided  into  3  equal  parts, 

the  number  1  is  then  divided  into . 

P.  6  sixths. 

T.  And  J  contains  how  many  of  these  £  ? 

p.  t. 

T.  Hence  \  =  f  =  f .     In  how  many  different 
ways  have  we  now  expressed  \  1 
P.  In  two  different  ways. 
T.  Try  to  find  20  different  expressions  for  J  ? 

P.  J  =  f  =  *  =  I  =  T5o  =  T6ir,  A,  &c. 
T.  Express  J  in  14. 

P.  1  =  ^-|;  and  J  therefore  =  J  of  |f,  which 
are  TV 

J^  In  which  numbers  can  \  be  expressed  ? 
P.  In  4ths,  6ths,  8ths,  lOths,  12ths,  &c. 
T.  Generally  speaking,  in  which  numbers  ? 
P.  In  all  numbers  which  are  multiples  of  2. 
T.  Can  \  be  expressed  in  3ds,  5ths,  or  7ths  ? 
P.  No,  because  3,  5,  7,  are  not  multiples  of  2. 

LESSON  II.     Different  Expressions  for  Thirds, 
Fourths,  Fifths,  i$c. 

Teacher.  Divide  a  line  into  3  equal  parts,  what 
is  each  of  the  parts  called  ? 

Pupils.  One-third. 

T.  Subdivide  each  of  these  3ds  into  2  equal 
parts,  and  state  what  you  observe. 

P.  One-third  is  the  same  as  2-sixths. 
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T.  If  we  wish  to  find  other  different  expressions 
for  £,  what  must  be  done  ? 

P.  Each  third  must  be  divided  successively  into 
3,  4,  5,  6,  &c.  equal  parts. 

T.  Apply  the  same  way  of  reasoning  to  the 
number  1,  and  find  6  different  expressions  for  ^-. 

P-  i  =  t  =  *  =  A  =  fV  =  TV 

T.  In  what  numbers  can  -§-  be  expressed  ? 

P.  In  6ths,  9ths,  12ths,  &c.  in  general,  in  all 
numbers  which  are  multiples  of  3. 

T.  Instead  of  saying,  "  express  -J-  in  27ths,"  it 
is  usual  to  say,  "  reduce  ^  to  27ths  ;"  that  is,  how 
many  27ths  are  equal  to  ^1 

P-  *  =  ^ 
T.  Why? 

P.  Because  1  =  f-^-,  |  therefore  must  be  £  of 
f^,  which  are  ^97. 

T.  And  how  many  27ths  are  equal  to  f,  or 
reducef  to  27ths? 

p-  i  =  if »  because  1  =  ^,1  must  be  twice 
^9T,  which  are  |f . 

T.  Reduce  f  to  36ths. 

P.  1  =  3.6  ths ;  £  therefore  must  be  £  of  |f , 
which  are  -J-f ;  and  |  must  be  twice  £f,  which 
are  £f 

T.  Hence  if  you  know  in  what  numbers  4ths, 
5ths,  6ths,  &c.  can  be  expressed,  you  will  be  able 
to  find  different  expressions  for  j,  £,  f,  &c.  In 
what  numbers  can  4ths  be  expressed  ? 
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P.  In  8ths,  12ths,  I6tbs,  &c. ;  in  all  numbers 
which  are  multiples  of  4. 

T.  Reduce  -J-  to  20ths. 

P.  J  =  ^,  because  1  =  -f  § ;  therefore  J  must 
be  5  of  f  §-,  which  are  -/^. 

T>  Reduce  |  to  28ths. 

P.  |  =  2.  -i.,  because  1  =  f  f ; 
therefore  J  =  J  of  f  f  =  ^,  and 
$  =  3  x  T7-g  =  |-|-. 

T.  Find  6  different  expressions  for  j. 

P3    6—-     9      —    12    —   15   —    18   —    21 
•    f   —  "8   —  TS  —  T6"  —  ~2 U  ~    2- T  —    2"8' 

I7.   In  what  numbers  can  5ths  be  expressed  ? 
P.  In  lOths,  15ths,  20ths,  &c. ;  in  all  numbers 
which  are  multiples  of  5. 
T.  Reduce  $  to  25ths. 
P.  £  =  ^  because  1  =  f  f  ;  therefore  -J-  =  £  of 

If  =  *• 

T.  Reduce  f  to  GOths. 
^-  *  =  **•  because  1  =  f  §  ; 
therefore  £  =  £  of  f  %  =  Jf ,  and 

f  =  4  x  B  »  If; 

T.  Find  6  different  expressions  for  f . 

*•  *  =  T6o  =  T%  =  M  =  if  =  if  =  H- 

A  similar  mode  of  proceeding  is  to  be  followed 
as  to  the  reduction  of  6ths,  7ths,  8ths,  &c.  to  other 
expressions.  The  teacher  will  have  observed  that 
the  use  of  the  line  has  been  abandoned  for  a  sort 
of  systematic  reasoning  ;  yet,  whenever  the  idea  is 
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not  quite  clear  in  the  pupil's  mind,  it  is  recom- 
mended to  have  recourse  to  the  senses,  by  requir- 
ing a  line  to  be  divided,  according  as  the  question 
may  require. 

Answers  to  the  Exercises. 

Halves. 
Am.  1.     }  =  T«T  =  ±°  =  ft  =  If  =  T«TV 

2-  *  =  «  =  #=  Vtf  =  V-41  =  111- 

Thirds. 

3-  l  =  A  =  M  =  H  =  ff  =  T¥r- 

4-  I  =  M  =  41  =  HI  = 


5-  4  =  ^  =  11  =  11  = 

6-  l  =      =       =       = 


_3.  5  4^  JL.2.JL  4  .Q.2. 

3"  1JO  4  8"5"  670* 


9-  =          =  = 


Sevenths. 

10.    4  =  M  =  -i¥ff  =  •?&  = 

?  =  M  =  T3A  =  T4/8  = 
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4  =  M  =  A\  =  T'A  = 

4  =  M  =  T¥<T  =  T9^  = 


Eighths. 
Ans.  11.     i  =  if  =  ^  =  TW  = 

*  =  f  i  =  A5ir  =  T^V  =  m  • 
f  =  f  §  =  T¥TT  =  T8A  =  m- 

*  =  *  I  =  itf  =  HI  = 


12.        =         = 


T¥T  =  T9A  = 


=  iff  =  Iff. 

=  \n  =  m- 


Miscellaneous. 


TST  =  T¥T- 
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LESSON  III. 
Reduction  of  Fractions  to  the  same  Denominator. 

Teacher.  Which  are  the  several  expressions  for 
halves  ? 

Pupils.  4ths,  6ths,  8ths,  lOths,  12ths. 

T.  And  which  are  the  several  expressions  for 
thirds? 

P.  6ths,  9ths,  12ths,  &c. 

T.  If,  then,  it  be  required  to  express  £  and  ^ 
both  by  other  fractions  of  the  same  denomination, 
which  will  you  choose  ? 

P.  6ths,  or  12ths,  or  18ths,  or  24ths,  &c. 

T.  Then  reduce  J  and  ^  to  fractions,  having  the 
same  denominator. 

P.  i=  |,  andi-=  f;  ojr 
3  =  -h,  and  i-  =  T% ;  or 
\  =  T9-8>  andi  =  A;  or,  &c. 

T.  How  will  you  proceed  in  order  to  reduce  \ 
and  \  to  other  fractions  having  the  same  denomi- 
nator ? 

P.  First  find  the  several  expressions  for  J  and 
J,  and  then  choose  those  which  are  the  same. 

T.  Reduce  \  and  J  to  fractions  having  the  same 
denominator,  or,  as  it  is  usual  to  say,  to  a  common 
denominator. 


164  LESSONS    ON    NUMBER. 

-P-    1=|  =  t  =  |  =  T5tr  =  TfV.  &c. 
i  =  I  =  A  =  T4o>  &C. 

Hence,  the  same  denominations  for  J  and  J  are,  — 
4ths,  8ths,  12ths,  16ths,  &c. 

Or,  i  =  f  =  £  =  ^  =  T8a>  &c- 
and  J  =          §  =  tV  =  T4<r>  &c. 

T.  What  are  the  numbers  4,  8,  12,  16,  &c.  of 
the  denominators  2  and  4  ? 

P.  They  are  common  multiples  of  2  and  4. 

T.  Hence,  if  2  fractions  of  different  denomina- 
tors are  to  be  reduced  to  a  common  denominator, 
what  must  be  done? 

P.  We  must  find  the  common  multiples  of  the 
different  denominators,  and  reduce  the  fractions  to 
these  denominations.  * 

T.  Reduce  J  and  f  to  a  common  denominator. 

P.  The  common  multiples  of  2  and  3  are,  —  6, 
12,  18,  24,  &c. 


and  1  =  1  =  ^  =  11  =  11,^. 

T.  Reduce  \  and  1  to  a  common  denominator. 
P.  The  common  multiples  of  2  and  5  are,  —  10, 
20,  30,  40,  8tc. 

Hence  \  =  ^  =  ft  =  ^  =  f  g,  &c. 
and      =       =        =        =      .  &c- 


*  See  Chap.  V.,  Lesson  II. 


FRACTIONS.  165 

T.  Reduce  f  and  f  to  a  common  denomi- 
nator. 

P.  The  common  multiples  of  3  and  4  are,  —  12, 
24,  36,  48,  60,  &c. 

Hence  £  =  A  =  if  =  fa  =  ft  =  ***  &c. 
and  |  =  A>  it  =  fa1  =  If  =  H,  &*- 

T.  Which  of  the  several  common  denominators 
is  the  least  ? 

P.  12. 

T.  Hence,  if  2  fractions  are  to  be  reduced  to 
the  least  common  denominator,  what  must  be 
done  ? 

P.  Find  the  least  common  multiple  of  their 
denominators,  and  reduce  the  fractions  to  that 
denomination. 

T.  Reduce  f  and  f  to  the  least  common  denomi- 
nator. 

P.  The  least  common  multiple  of  8  and  5  is  40; 

hence  f  =  if,  and  $  =  •£§. 

T.  Reduce  \,  4,  and  J  to  the  least  common 
denominator. 

P.  The  least  common  multiple  of  2,  3,  and  4 
is  12; 

hence  J  =  T6Y ;  -J-  =  TV  5  aud  i  =  A- 

Pupils  and  teacher  give  questions  to  the  class, 
after  which  follow  the  exercises  in  Part  II. 
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Answers  to  the  Exercises. 

Am.  1.  |   =fj;   *  =**• 

2.  I  =1-1;  *  =if- 

3.  f  =tf;  i  =if. 

4.  4  =11;  t  =M- 

5.  f  =  M  ;  T'O  =  M- 
6-  T9o  =  **  ;  TV  =  f  %  • 

7.  *  =  1  1  ;  A  =  U- 

8.  *  =i$;  *  =il- 

9.  I  =A;  f  =ff 
10.  H  =  M  ;  if  =  If- 

11  30       40       45       48       50       42       55       5 

JJ-  6~0>    ^>    3~^>    ^^»    ^"0"?     6"^'    S~0»    ^" 

**"  2"T»    "2T?     2"T?    "2T^     2"T>     2"T* 


«*,  iM.  m- 

15.    fB,  fW,  H*.  Iff- 

is.  m,  it*.  IM.  m- 

§  3.       ADDITION    OF    FRACTIONS. 

LESSON  I.     Addition  of  Fractions  which  have  the 
same  Denominator. 

Teacher.  Tell  me  what  we  have  been  learning 
concerning  fractions. 
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Pupils.  We  have  learnt, 

1st.  What  halves,  thirds,  fourths,  &c.  are; 

2nd.  To  reduce  units  to  fractions  ; 

3rd.  To  reduce  fractions  to  units; 

4th.  To  reduce  a  fraction  to  other  denomina- 
tions ; 

5th.  To  reduce  several  fractions  to  the  least 
common  denominator. 

It  is  of  great  use  to  put,  from  time  to  time, 
questions  similar  to  the  above  to  the  pupils,  and 
require  them  to  illustrate  each  case  by  examples. 

Teacher.  All  that  now  remains  to  be  learned  re- 
specting fractions  is,  how  to  add  them;  to  sub- 
tract one  from  another;  to  multiply  and  to  divide 
them.  We  will  begin  with  addition  of  fractions. 
Give  a  question  which  you  think  very  easy  to 
answer. 

Pupils.  Add  j  +  J. 

T.  How  much  is  J  +  \  ? 

P.  f ,  or  1. 

T.  Give  some  other  easy  questions. 

P.  AddJ+f. 

T.  How  much  is  j+f  ? 

P.  f,  or  1J. 

T.  Addf  +  f. 

P.  f  x-f  =  y  =  7. 

T. 

P.  f. 
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T.  Addf  +  f. 
P.  |.  or  1|. 
T.  Add  J  +  |. 

P-  3  +  f  =  f  =  2. 

T.  What  kind  of  fractions  have  we  been  add- 
ing? 

P.  Fractions  having  the  same  denominator. 
T.  Add  f  +  f. 

P       T    _    1  2 
*•     5"   —    XT- 

Similar  questions  are  to  be  given  in  the  addition 
of  6ths,  7ths,  8ths,  &c. 

LESSON  II.     Addition  of  Fractions  having  different 
Denominators. 

Teacher.  If  now  we  have  to  add  fractions  of 
different  denominators,  suppose  |+^,  what  will 
you  do  ? 

Pupils.  First  reduce  \  and  ^  to  a  common  deno- 
minator, and  then  add  them ;  thus  :  — 

i+f=  m  =  i- 

Teacher.  Add  J+f. 

p.  i+i  =  *+*  =  j  =  H. 

T.  Add  i  +  i. 

-P.  i  +  J  =  f  +  J  =  i- 

T.  Add  J  +  j. 

p.  i+2  =  f  +  |  =  |=ii. 

T.  Addi+f 
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r.  Add  j+$. 

-P.  J+*  =  f  +*  =  *=*  if- 

!/'.  There  is  something  to  be  remarked  here. 
The  answer  is  If,  do  you  know  of  another  expres- 
sion for  f  ? 

P.  Yes  ^,  or  -£%  ,  or  ?8T,  8cc. 

T.  True  ;  but  do  you  know  of  another  expres- 
sion for  £  below  12ths  ? 

P.  Yes,  *. 

T.  Now,  it  is  usual  to  express  a  fraction  by  the 
least  expression  possible  ;  or,  as  it  is  called,  to 
reduce  it  to  its  lowest  term.  Hence  f-  reduced  to 
its  lowest  term  is  - 

P.I. 

T.  Add  i+. 


T.  Can  ^i  be  reduced  to  a  lower  term  ? 
P.  No. 


T.  Can  ±%  be  reduced  ? 

P.  Yes,  if  =  f  . 

jf.  In  our  next  lesson  we  will  learn  what  frac- 
tions may  be  reduced  to  lower  terms,  and  what 
may  not. 

Teacher  and  pupils,  as  usual,  give  similar  ques- 
tions to  the  class,  after  which  the  exercises  in 
Part  II.  are  taken  up. 

i 
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Answers  to  the  Exercises. 

Ans.  1. 

1-^-.        Ans. 

13. 

Hi  =  Hi- 

2. 

Iffr. 

14. 

IM- 

3. 

Hg. 

15. 

Hi 

4. 

Iff- 

16. 

Iff. 

5. 

1J.1-. 

17. 

liHr- 

6. 

14*. 

18. 

Ifi-. 

7. 

H&' 

19. 

1|-|.. 

8. 

1-JLSj. 

20. 

1||  =  H.I.. 

9. 

Hfl- 

21. 

l|f- 

10. 

li- 

22. 

HI  =  iff- 

11. 

Iff. 

23. 

HI  =  1H- 

12. 

Iff. 

LESSON  III. 
Teacher.  State  the  different  expressions  for  J. 

PWF75.    1   =  f  =  f  =  A  =  ^  =  T6_,  &c. 

T.  Since  J  =  T6^,  what  must  be  done  to  bring 
T6^  back  again  to  its  lowest  denomination  J  ? 

P.  Divide  its  numerator  and  its  denominator 
by  6. 

T.  State  the  different  expressions  for  ^. 

-P-  i  =  f  =  -|  =  A  =  T5^Scc. 

T7.  Since  ^  =  T5T,  what  must  be  done  to  reduce 
^j  to  its  lowest  term  |-  ? 

P.  Divide  its  numerator  and  its  denominator 
by  5, 
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T.  Let  us  now  consider  the  fraction  -J-|,  for 
instance,  and  see  by  what  number  its  numerator 
and  denominator  must  be  divided,  in  order  to 
reduce  \±  to  its  lowest  term. 

P.  They  must  be  divided  by  2,  and  then  -J-|  will 
be  reduced  to  -J-. 

T.  Can  you  reduce  ^  to  a  lower  term? 

P.  No,  because  there  is  no  number  by  which 
both  7  and  9  are  divisible. 

T.  Reduce  if  to  its  lowest  term. 

P.  18  and  24  are  both  divisible  by  2,  therefore 
|f  =  T92-  ;  and  9  and  12  are  divisible  by  3,  there- 
fore T9¥  =  | ;  and  hence  |~f  =  f . 

T.  In  general,  then,  when  can  a  fraction  be  re- 
duced to  lower  terms,  and  when  not? 

JP.  It  can  be  reduced  when  both  numerator  and 
denominator  are  divisible  by  some  one  number; 
and  it  cannot  be  reduced  when  numerator  and 
denominator  are  not  both  divisible  by  the  same 
number. 

T.  Recollect  then  to  reduce  the  answers  you 
obtain  by  adding,  subtracting,  multiplying,  or 
dividing  fractions,  always  to  its  lowest  term.  Can 
you  tell  some  reason  why  it  is  usual  to  do  so  ? 

P.  Because  in  the  fraction  T9^,  which,  when  re- 
duced, is  j  ;  it  is  easier  to  imagine  the  number  1 
to  be  divided  into  4  equal  parts,  and  3  of  these 
parts  taken,  than  to  imagine  1  divided  into  12 
equal  parts,  and  9  of  these  taken. 
i  2 
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T.  We  will  now  add  3  or  more  fractions,  [writ- 
ing upon  the  school-slate,] 

Find  the  sum  of  J+|-  +  J. 
P.  The  least  common  denominator  is  12,  and 

J+*+  i  =  *  +  A+  A  =  if  =  HV 
T.  Add  J  +  f  +  |. 

P-  J+f  +1  =  A+A+A  =  ft  =  Hi- 
T.  Add  J  +  i  +  f 

P. 

T.  Add 

P.  j  +  i  +A  = 

T.  Add 

P. 


P.  1|  +  If  =  Iff  +  1ft  =  2^  = 


Exercises. 


Am.  1.  2f§.  4ws.  10. 

2.  2H-  11- 

3.  Hf.  12. 

4.  2T^.  13. 

5.  214-  •  .   14. 

6.  2if.  15. 

7.  2#.  16. 

8.  6TV  17. 

9.  3.  18. 
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^  4.      SUBTRACTION    OF    FRACTIONS. 

This  lesson  is,  in  all  respects,  analogous  to 
addition  of  fractions,  and  does  not  involve  any 
new  principle  ; — a  few  questions  relating  to  the 
several  progressive  steps,  will  therefore  suffice  to 
show  the  mode  of  proceeding. 

1.    Subtracting  a  Fraction  from  Integers. 

Questions.  From  1  take  J. 

. .    2  take  £. 

. .    3  take  f . 

..17  take  If. 

8cc. 

2.    Subtracting  a  Fraction  from  a  Fraction, 
(a.)  How  much  is  J  less  \  ? 


f? 


(6.)  What  is  the  difference 

between  1  and  £?     £-£=$-£  =  £. 
..        J  and  i?     J-J=:  f-  i  =  J. 
|.  and  I?     |-|  =  T8_-1P¥==TV 
..        I  and  A?     4-6  =f  B^O  =TI_. 
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3.    Finally,  subtracting  Integers  and  Fractions  from 
Integers  and  Fractions. 

From  2J  take  If. 
Solution.  2J~  If  =  f-f  =  V  -  V°  =  f  • 

From  3£  take  2$. 
Solution.  3±-2£  =  y-  V  =  W-W  =  it- 

It  is  to  be  observed,  that  mental  solutions  are 
required,  and  therefore  no  questions  are  to  be 
given  involving  high  numbers,  the  object  being 
that  of  unfolding  principles,  and  preparing  for  the 
rule,  and  care  being  necessary  not  to  perplex  the 
minds  of  the  class.  Each  question  may  be  written 
on  the  large  school-slate,  and  the  pupils  required 
to  find  the  answer  mentally,  each  lifting  up  his 
hand  as  soon  as  he  has  found  the  answer. 


Answers  to  the  Exercises. 


1. 

Fractions  from  Integers. 

Am.  \. 

16TV 

Arts.  6. 

42*, 

2. 

18f|. 

7. 

24|f. 

3. 

34J. 

8. 

46i|. 

4. 

7J. 

9. 

58ff. 

5. 

18f 

10. 

66ff. 
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2.  Fractions  from  Fractions. 

Ans.l.  if                 Ans.ll.      f*. 

2.  ft.  12.      tf. 

3.  if.  13.     A- 

4.  ,&•  14.      ff. 

5.  1.  15.  ii. 

6.  if-  16-  A- 

7.  0.  17.  T\=f 

8.  TV  18.      0. 

9.  ^%.  19. 
10.  .                  .     20. 


3.    Integers  and  Fractions  from  the  same* 

Ans.l.  1.  Ans.6.     2fi. 

2.  IH-  7.      f. 

3..  2TV  8.     1J. 

4.  Hf.  9. 

5.  3^.  10. 

§5.      MULTIPLICATION    OF    FRACTIONS. 

The  order  in  which  the  successive  steps  of  this 
subject  present  themselves  are  :  — 

1st.     To  multiply  a  fraction  by  integers  ; 
2nd.  To  multiply  integers  by  fractions; 
3rd.    To  multiply  a  fraction  by  fractions; 
4th.   To  multiply  integers  and  fractions  by  the 
same. 
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On  the  first  of  these  sections  no  remark  is  re- 
quired to  be  made,  since  pupils  who  have  pro- 
ceeded thus  far,  find  no  difficulty  in  multiplying 
•f ,  for  instance,  by  2,  3,  4,  &c.  since  it  is  only  to 
take  f  twice,  3  times,  4  times. 

The  second  section  might,  apparently,  be  dis- 
pensed with,  since  the  results  are  the  same,  whether 
3  be  multiplied  by  ^,  or  ^  be  multiplied  by  3.  But 
this  principle,  clear  as  it  is  in  the  multiplication  of 
integers,  is  far  from  being  satisfactory  when  ap- 
plied to  fractions.  A  child  will  not  hesitate  readily 
to  admit  that  |,  multiplied  by  15,  gives  \°,  or  10 ; 
but  it  will  not  immediately  perceive  that  15,  mul- 
tiplied by  •§-,  must  be  10.*  The  question  may  be 
presented  thus :  — 

1.  What  does  it  mean  to  multiply  a  number 

by  another  number  ? 

AJIS.   To  take  a  number  a  certain  number  of 
times. 

2.  What  is  the  result  if  a  number  be  multiplied 

by  1? 
Arts,  The  number  itself. 

3.  If,  then,  a  number  be  multiplied  by  less  than 

1,   (by  a   part   of  1,)  what  must  be  the 
result  ? 
Ans.  Less  than  the  number. 

4.  If  a  number  be  multiplied  by  J,  what  must 

be  the  result  ? 
Ans.  One-half  of  the  number. 
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5.  If  multiplied  by  £? 

Ans.  One-third  of  the  number. 

6.  If  by  f? 

Ans.  One-third  of  the  number  taken  twice. 

7.  Hence,  what  is  the  meaning,  and  what  is  the 

result,  of  15  multiplied  by  f  ? 
Ans.  To  multiply  15  by  f ,  signifies  to  take  ^  of 
15  twice,  which  evidently  is  10. 

The  notion,  then,  to  be  clearly  formed  is  this,— 
that  any  number  whatever,  multiplied  by  another 
less  than  1,  must  give  a  result  less  than  the  number 
which  is  to  be  multiplied  (the  multiplicand.) 

Sections  3  and  4  are  merely  an  extension  of  the 
same  principle. 


LESSON  I.     Fractions  by  Integers. 

Teacher.  What  does  it  mean  to  multiply? 

Pupils.  To  take  a  number  a  certain  number  of 
times. 

T.  What  does  it  mean  to  multiply  J  by  1,  2,  3, 
4,  &c. 

P.  To  take  \  once,  twice,  3  times,  4  times,  &c. 

T.  How  much  is  \  multiplied  by  17  ? 

P.   V,or8j. 

T.  What  does  it  mean  to  multiply  £  by  1,  2,  3, 
4,  8cc. 

P,  To  take  |-  once,  twice,  3  times,  4  times,  &c» 
i  5 
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T.  Multiply-!-  by  19. 

P.  -1x19=  V9  =  6£. 

T.  Multiply!- by  19. 

P.  fxl9  =  y  =  12f. 

T.  In  general,  then,  what  does  it  mean  to  mul- 
tiplyf,f,f,&c.byl,2,3,4,&c.? 

P.  To  take  f,  f ,  £,  &c.  once,  twice,  3  times,  4 
times,  &c. 

T.  How  much  is  -|  multiplied  by  8  ? 

P.  8  times  f,  or  2T4»  which  are  3-f. 

T.  How  much  is  -J  x  15  ? 

P.  15  times  f ,  or  V»  which  are  10, 

LESSON  II.     Integers  by  Fractions. 

Teacher.  What  is  the  result  (product)  if  a  num- 
ber be  multiplied  by  1  ? 

Pupils.  The  number  itself. 

T.  What  is  the  product  if  a  number  be  multi- 
plied by  a  number  greater  than  1  ? 

P.  More  than  the  number* 

T.  What,  then,  must  be  the  product  if  a  num- 
ber be  multiplied  by  a  number  which  is  less 
than  1  ? 

P.  It  must  be  less  than  the  number. 

T.  Name  some  numbers  which  are  less  than  I  ? 

P>  \>  *,  I,  i,  *,  8cc- 

T.  If,  then,  a  number  be  multiplid  by  J,  or  by 
i,  J,  &c.;  the  product  must  in  each  case  be 
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P.  Less  than  the  number. 
T.  What  does  it  mean  to  multiply  by  1  ? 
P.  To  take  a  number  once. 
T.  Hence,  what  does  it  mean  to  multiply  a  num- 
ber by  \  ? 

P.  To  take  it  \  times,  or  to  take  \  of  it. 

T.  What  does  it  mean  to  multiply  1,  2, 3,  4,  &c. 

by  J? 

P.  To  take  J  of  1,2, 3,4,  &c. 

T.  How  much,  then,  is  1,  2,  3,  4,  &c.  multiplied 

by,1? 

P.  },  I,  f ,  f ,  &c. 

T.  How  much  is  17  multiplied  by  \  ? 

P.  V,or8i 

T.  What  does  it  mean  to  multiply  by  f  ? 

P.  To  take  \  of  a  number  twice. 

T.  How  much  is  12  multiplied  by  f  ? 

P.  i  of  18  taken  twice  ; 

i  of  18  =    9,  which,  taken  twice, 

=  18. 

T.  What  have  you  to  remark,  if  a  number  is  to 
be  multiplied  by  f  ? 

P.  It  is  the  same  as  multiplying  it  by  1,  since 

1  =  1. 

T.  What  does  it  mean  to  multiply  by  4  ? 
P.  To  take  a  number  •§-  times,  or  to  take  ^  of  it. 
T.  And  what  does  it  mean  to  multiply  by  f  ? 
P.  To  take  ^  of  a  number  twice. 
T.  Multiply  17  by  f. 
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P.  17  xf  is^-of  17x2; 

^  of  17  =  y,  which,  taken  twice, 


T.  What  does  it  mean  to  multiply  by  J,  ^,  £,  4* 
&c.? 

P.  To  take  4,  £,  £,  ^  of  a  number. 

T7.  And  what  does  it  mean  to  multiply  by  |  ? 

P.  To  take  J  of  a  number  3  times. 

T.  Multiply  9  by  j. 

P.  9  x  f  is  4  of  9  x  3  ; 

4  of  9  =  f  ,  which  x  3  =  V  =  6f  • 

T.  What  does  it  mean  to  multiply  by  4? 

P.  To  take  \  of  a  number  6  times. 

T.  Are  you  able  to  multiply  a  whole  number  by 
a  fraction  ? 

P.  Yes  ;  we  have  learnt  it  in  our  first  lessons  on 
fractions. 

T.  What  kind  of  questions  were  these? 

P.  To  take  f,  j,  ^,  &c.  of  a  number;  and  this 
is  the  same  as  to  multiply  a  number  by  f,  or  f  , 


LESSON  III.     Fractions  by  Fractions. 

Tetocher.  We  must  now  learn  to  multiply  a  frac- 
tion by  a  fraction  ;  and  we  will  begin  with  ascer- 
taining what  it  means  to  multiply  ^,  for  instance, 
by  ^.  You  know  the  meaning  and  the  result  if  ^ 
be  multiplied  by  !• 
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Pupils.  Yes,  it  means  to  take  |  once,  which 
is  |. 

T.  What,   then,   does   it   mean    to   multiply  J 

byj? 

P.  To  take  i  of  J. 
T.  How  much  is  that  ? 

One  or  two  of  the  pupils,  perhaps,  will  answer 
this  question  correctly,  the  majority  not.  Recourse 
must  then  be  had  to  ocular  demonstration. 

T.  Draw  a  straight  line ;  divide  it  into  halves, 
each  half  again  into  halves ;  now  tell  me  what 
part  of  the  whole  line  of  one  of  these  halves  is  \  ? 

P.  One-fourth  of  the  line. 

T.  Apply  the  same  reasoning  to  the  number  |, 
and  tell  me  what  J  of  $  is  ? 

P.  i. 

T.  Hence  how  much  is  \  x  \  ? 

P.  \  of  J,  or  J. 

T.  What  does  it  mean  to  multiply  4-  by  \  ? 

P.  To  take  J  of  £. 

T.  You  may  ascertain  this  by  drawing  a  line  ; 
how  will  you  proceed  ? 

P.  Divide  a  line  first  into  thirds,  each  third  then 
into  halves,  and  see  what  part  \  of  £  is  of  the 
whole  line;  it  is  J  of  it, 

T,  How  much  then  is  -J-  x  \  ? 

P.  J  of  $,  or  -i, 

T.  And  how  much  is  f  x  \  ? 

P.  J  of  f ,  or  i-. 
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T.  What  does  it  mean  to  multiply  J,  £,  £,  i,  &c. 
byj? 

P.  To  take  J  of  J,  of  £,  of  £,  of  |,  &c. 

T.  Hence  if  you  wish  to  learn  how  to  multiply 
a  fraction  by  J,  you  must  be  able  to  ascertain 
readily  how  much  \  of  \>  of  £,  &c.  is.  Need  you 
always  take  a  line  and  actually  divide  it? 

P.  No,  we  can  imagine  it. 

T.  Well,  then,  ascertain  either  by  drawing  a 
line  and  dividing  it,  or  by  supposing  it  divided, 
how  much  \  is  of  J,  of  ^,  of  f,  J,  J,  £,  f,  f , 
f,  &c. 

P.  Must  be  able  to  draw  up  the  following 
results  :  — 


i  =  K  I  =  TV 


f  = 


4  =  i-  TV  =  irV 

f  =  i-  T9o  =  A- 

I  =  f  •  ft  =  M- 

T.  A  little  reasoning  will  save  you  a  great  deal 
of  trouble.     For  instance,  how  much  is  \  of  %  1 

P.   TV' 

T.  How  much,  then,  is  £  of  f ,  f,  $ ,  |  ? 

P.  2  x  ^,  3  x  TV,  4  x  TV,  7  x  TV,  or  -&,  T^, 

T\>  TV' 

T.  And  if  you  know  how  much  \  of  £  is,  can 
you  tell  me  how  much  f ,  f ,  ^  of  ^  is  ? 
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P.  Yes;  for  i  of  i  =  ^5 

fofi  =  3xT1«=TV 

i  of  |  =  5x^=^  =  1. 

iofi  =  7xTV  =  TV 

.7'.  Hence,  how  much  is  f  multiplied  by  f  ? 

*"*<*--Ari 

i.  of  f  =  3x1V  =  T3cr;  and 

|  of  f  =  4xtV  =  l§  =  f  =lf   ' 

jf7.  How  much  is  •§-  x  |-  ? 

^  iofi  =  TV; 

|  of  |  =  8xTV  =  T1V  =  l;  and 

|  of  -I  ==  5  x  |  =  %°  =  2f  ;  therefore 


A  sufficient  number  of  questions  relating  to  the 
multiplication  of  fractions  by  halves,  ought  to  be 
given  before  proceeding  further  ;  and  it  must  be 
remarked,  that  most  children  will  soon  discover 
the  rule,  viz.  to  multiply  numerator  by  numerator, 
and  denominator  by  denominator  ;  but  since  it  is 
not  the  object  of  this  treatise  to  enter  upon  rules, 
but  merely  to  prepare  for  them,  the  teacher  ought 
frequently  to  require  of  his  pupils  to  give  an  ac- 
count how  they  have  obtained  the  result. 

From  the  above,  the  mode  of  proceeding  as  to 
the  multiplication  by  -£-,  J,  £,  &c.,  may  be  antici- 
pated, and  a  short  outline  will  be  sufficient. 
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The  pupils  must  ascertain  that 

.    .  i  of  i  =    i.  i  of  i  =    -i. 

*  =    fr-  *  =  TV 

i  =  A-  i  =  TV 

i    =    TV  i    =    ?V 

&c.  &c. 

i  of  i  =  TV  i  of  1  =  TV 

i-    =    TV  i    =    TV 


_ 

25' 


&c.  &c. 

This  done,  and  committed  to  memory,  is  all  that 
is  necessary. 

Teacher.  What  does  it  mean  to  multiply  by  £? 

Pupils.  To  take  ^  of  a  number. 

T.  What  does  it  mean  to  multiply  \  by  -£•  ? 

P.  To  take  4  of  |. 

T.  How  much  is  that  ? 

p.  *. 

T.  How  much  is  4  x|? 

P.  i-of  4;  iof  |  =  ^T;  ^d 

^-  of  -f-  =  4  x  ^j  =  -24T  ;  therefore 

4x^  =  7V 
71.  How  much  is  f  x  |  ? 
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P.  f  of  f .     Now  i  of  £  =  ^V ; 

and  |  of  f  =  8  x  ^  =  -fo ; 

therefore  f  of  -f  =  2  x  2BT  =  if- 

Hence  $  x  f  =  -|f 
T.  How  much  is  -|  x  |  ? 
P.  f  of  f  Nowiof  i  =  ^; 

therefore  J  of  |  =  7  x  -^  =  3%  ;' 

and  f  of  |  =  3  x  ^  =  f£.  Am* 

Answers  to  the  Exercises. 
1.     Fractions  by  Integers. 


Ans.  1. 

3. 

^w«.  11. 

27-f. 

2. 

5. 

12. 

41*. 

3. 

7. 

13. 

73. 

4. 

12. 

14. 

78. 

5. 

317. 

15. 

29. 

6. 

4|. 

16. 

52. 

7. 

13f. 

17. 

91. 

8. 

25|. 

18. 

112. 

9. 

40f. 

19. 

142. 

10. 

32^. 

20. 

311. 

2.     Integers 

by  Fractions. 

Ans.  I. 

31*. 

Ans.  6. 

3434. 

2. 

64f 

7. 

78-f. 

3. 

93|. 

8. 

249|. 

4. 

88f. 

9. 

24. 

5. 

270. 

10. 

91*. 
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3. 

Fractions 

fty  Fractions. 

Ans.  1. 

*• 

Ans.  9. 

2. 

H* 

10. 

3. 

M- 

11. 

4. 

if- 

12. 

5. 

T3<J- 

13. 

6. 

IT- 

14. 

7. 

if 

15. 

8. 

TCT- 

16. 

4.     Integers  and  Fractions  by  the  same. 
Teacher.    What  does  it  mean  to  multiply  1-| 

byi? 

Pupils.  To  take  ±  of  1^. 

T.  How  much  is  that? 

P.  I  of  1  =  i,  and  i  of  i  =  i  ; 

therefore  |ofli  =  i4-J=f  +  J=|. 
T.  A  little  reflection  will  assist  you  in  this  mul- 
tiplication. 

How  much  is  1^? 

P      3 

r.  ^. 

T.  Hence  \\  multiplied  by  \  is  the  same  as  - 

P.  f  x-J,  which  is  f. 

T.  How  much  is  1^-  x  ^  ? 


T.  How  much  is  If  xf  ? 

P.    lfx      =  |xi  =  lf 
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T.  How  much  is  2f  x  |  ? 
P.  2|xf  =  uxf  =  f£  =  2^=2f 
T.  And  how  much  is  1^x1^? 
P.  The  same  as  f  x  -f  ,  which  is  f  ,  or  2|. 
T.  How  much  is  l£x  If? 
P.  l^xl|-=fxf=  V  =  2f. 
T.  What  is  the  sum,  the  difference,  and  the  pro- 
duct of  f  and  f  ? 

f  J  =  V 


And  f  x  f  =  -2%,  product. 

Questions  like  the  above  may  be  written  on  the 
school-slate,  and  the  pupils  be  desired  to  answer 
them,  performing  each  operation  mentally. 

Answers  to  the  Exercises. 


Arts.  1. 

T%- 

Ana.  7. 

2. 

2. 

H- 

8. 

2i 

3. 

if- 

9. 

O-^ 

4. 

H- 

10. 

6| 

5. 

?TV 

11. 

45 

6. 

3.21. 

12. 

5| 

Sum.  Difference.  Product. 


14.  3f. 

15.  6H- 

16.  10TV 
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Sum.  Difference.  Product. 

An,.  17.     3tf.  1TV-  2ff. 

18-     5|f.  ff.  6|f. 

19. 
20. 


§    6.        DIVISION    OF    FRACTIONS. 

The  parts  of  this  subject  may  be  presented  in  the 
order  observed  in  the  four  following  sections  :  — 

1.  To  divide  fractions  by  integers; 

2.  To  divide  integers  by  fractions  ; 

3.  To  divide  fractions  by  fractions  ; 

4.  To  divide  integers  and  fractions  (mixed  num- 

bers) by  the  same. 

The  view  taken  of  division  generally  is,  that,  to 
ascertain  "  how  often  one  number  is  contained  in 
another  number;"  and  it  is  strongly  recommended 
to  abide  by  it,  although  a  great  effort  is  to  be 
made  on  the  part  of  the  pupils  to  solve  the  ques- 
tions belonging  to  the  first  of  the  four  sections. 

1.     Fractions  by  Integers. 

Teacher.  What  does  it  mean  to  divide? 
Pupils.  To  ascertain  how  often  one  number  is 
contained  in  another  number. 

T.  How  often  is  1  contained  in  1  ? 
P.  Once. 
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T.  Hence,  how  much  is  1-~1  ? 

P.  1. 

T.  Now  if  a  number  be  greater  than  1,  can  it  be 
contained  as  often  ? 

P.  No  ;  less  times. 

T.  How  often  then  is  2  contained  in  1  ? 

P.  Less  than  once  ;  only  half  as  often  as  I  is 
contained. 

T.  How  much  is  that  ? 

P.  |  times  ? 

T.  How  much  then  is  l-r-2? 

p.  i. 

T.  How  often  is  3  contained  in  1  ? 

P.  4-  times. 

T.  Hence,  how  much  is  1--3  ? 

P.  4. 

T.  How  often  is  4,  5,  6,  7,  &c,  contained  in  1  ? 


T.  Hence,    how   much   is    1---4,    1—5,    l-r-6, 

l-i-7,  &c.  ? 

P    i    i    i    i   Srp 

*•     4"*  "5*  ^>  ~7>  CCC* 

T.  Now,  since  1  is  contained  in  I,  once,  will 
1  be  contained  as  often  in  a  number  which  is  less 
than  1  ? 

P.  No;  less  times. 

T.  Hence,  how  often  is  1  contained  in  \  ? 

P.  Only  \  times. 

T.  How  much  then  is  |-r-l  ? 

P.  i. 

T.  And  how  often  is  2  contained  in  \  ? 
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P.  Only  !  times  of  what  1  is  contained  in  |, 
that  is  \  times. 

T.  How  much  then  is  |-r-2? 

^•i- 

T.  And  how  much  is  ±  divided  by  3,  4,  5,  6, 

7,  &c.  ? 


*,  *, 


T.  How  often  is  1  contained  in  ^  ? 

P.  Only  %  times. 

T.  How  much  then  is  -g-r-1  ? 

p.*, 

T.  How  often  is  2  x  1,  or  2  contained  in  ^? 
jP.  -^  of  ^  times,  ^  times. 
T.  Hence  £~3  is? 

Prf 

T.  How  much  is  £  divided  by  4,  5,  6,  &c.  ? 

^'    TV,  TV,  T^  &C. 

T.  And  how  much  is  f  divided  by  1  ? 

P.  f  . 

T.  Why? 

P.  Because  |~1  =  i, 

therefore  f-r-1  =  2  x  $  =  2f  . 
T.  How  muchisf-r-2? 
P.  ^  ;  because  f  -f-  1  =  f  ,  therefore  f  -r2  =  \  of 

*  =  i- 

T.  Howmuchisi-T-l? 

^•i- 

T.  How  much  is  f  ~2  ? 

P.  |;  because  |~1  =  f,    therefore  f-f-2  =  \ 
of      =    . 
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The  pupils  must  continue  to  give  similar  solu- 
tions for  each  question,  which  the  teacher  may 
give. 

These  questions  may  be  solved  in  another  way. 
Dividing  by  2  signifies  to  take  J  of  a  number. 

•  •  o         ••         ••  -3-  •  • 

•  •  4          •  •         ••  •£•  •• 

&c.     &c. 

Hence,     -|-r-2  =  \  of  \  =  \. 
i-f-3  =  i  of  \  =:  i. 
&c. 

H-5  =  *  °f  *  =  TV 
t-5-9  =  i  of  i  =  TV 
&c. 

Still  the  first  mode  of  considering  division 
would  be  preferable. 

2.     Integers  by  Fractions. 

Teacher.  How  often  is  1  contained  in  1,  2,  3, 
4,  &c.  ? 

Pupik.  Once,  twice,  3  times,  4  times,  8cc. 
T.  How  often  then  is  \  contained  in  1,  2,  3, 
4,  &c.  ? 

P.  \  is  contained  in  1,  twice ; 

2,  4  times  ; 
3,6  times ; 
4,  8  times. 
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T.  How  much  then  is  1---^,  2-f-^,  3-r-^,  4~|  ? 
P.  2,  4,  6,  8. 

T.  How  often  is  ^  contained  in  1,  2,  3,  4,  &c.  ? 
P.  £  is  contained  in  1,  3  times  ; 
2,  6  times  ; 
3,9  times ; 
4,  12  times  ; 
&c. 

T.  How  much  then  is  1-r-i,  2-f-£,  3-f-|,  4-r|? 
P.  3,  6,  9,  12. 

T.  Since  ^  is  contained  in  1,  3  times,  how  often 
must  f  be  contained  in  1  ? 

P.  Only  -|  as  often  as  ^  is  contained  in  1,  that 
is,  \  of  3,  or  f  times. 

r.  Then  how  much  is  l-hf  ?  % 
P.  |,  or  1|. 
T.  How  much  is  2-r-f  ? 

P.  3;  because  2—^-  =  6,  therefore  2-f-f  =  |  of 
6  =  3. 

T.  How  much  is  3-r-f  ? 
P.  f  or  4^  ;  because 
3---^-  =  9;  therefore 
3-j-f.  =  i  of  9  =  4|. 
T.  How    much    is   1,    2,    3,   4,    &c.    divided 

byi? 

P.  1^-i  =  4;  2-5-i  =8;  3-=-i  =  12;  4^-i 
=  16,  &c. 

T.  How  mucH  is  1-r-f  ? 

P.  f  or  1|- ;  because  I-T--T  =  4,  therefore  l-:-f 
=  4  of  4  =  4  =  H. 
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T.  How  much  is  7~f  ? 

P.  23-8  or  9£;  because  7-^-1-  =  28,  therefore 
7-f-t  =  *  of  28  =  V8  =  Si- 
Similar  solutions  are  required  for  each  of  the 
questions  which  the  teacher  and  pupils  may  give 
to  the  class.  The  principle  upon  which  these 
solutions  depend  can  be  made  very  obvious  to  the 
senses  ;  for,  it  is  clear,  that  the  smaller  the  mea- 
sure the  greater  the  result  obtained  by  applying  it 
to  an  object.  Suppose  a  foot  measure  to  be  ap- 
plied to  the  length  of  a  table  10  times  ;  it  is  not 
necessary  actually  to  apply  a  -J  foot  measure,  or  £, 
f ,  i,  |- ,  &c.  of  a  foot  measure ;  for  since  a  1  foot 
measures  the  object  10  times,  a  \  foot  must  evi- 
dently measure  it  2  x  10,  that  is  20  times  ;  i  of  a 
foot  3  x  10,  that  is  30  times ;  but  a  f  foot  measure 
only  \  of  30,  that  is  15  times  ;  a  -J-  foot  measure 
4  x  10,  that  is  40  times ;  but  a  f  foot  measure  only 
\  of  40,  or  4T°,  or  13^  times.  The  intelligence  of 
children  of  8  or  9  years  old  readily  seizes  these 
truths,  and  little  effort  is  then  required  to  apply  a 
similar  train  of  reasoning  to  abstract  numbers. 
Whenever  a  child  seems  perplexed  by  a  question 
of  the  kind,  it  will  surely  arrive  at  the  true  result, 
if  accustomed  thus  to  reason. 

Suppose  the  question;  divide  3  by  -£,  the  child 
begins  from  what  he  is  certain  to  be  true,  viz. :  — 

1-H  =  9; 

therefore  3-r-£  ==  3  x  9  =  27  ; 
and  hence  3-f-J-  =  \  of  27  =  V  =  3f 
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Again,  divide  7  by  -|. 
Solution.     Because  1-:-^  =  9  ; 

therefore  7-f-J-  =  7  x  9  =  63  ; 
and  therefore  7-f-f  =  -J-  of  63  =  ^  =  7£. 

These  solutions  the  pupils  are  required  to  per- 
form mentally  ;  but  the  written  exercises  should 
be  solved  as  shown  above. 

Answers  to  the  Exercises. 
1  .  Fractions  by  Integers. 
Ans.  1.       i.  Ans.   9.       ^V 

2.  Tv  10.    -AV 

3.  A-  11-      i- 

4.  A.  12-      *T- 

5.  A-  l3'       A- 

6.  f.  14.     T§T. 

7.  A-  15. 
8. 


2.  Integers  by  Fractions. 


Ans.   \.  8.  4m.     7.  25| 

2.  8|.  8.  4f 

3.  18f.  9. 

4.  lOf  10.  8. 

5.  26f.  11.  7. 

6.  16|.  12.  7. 
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Am.  13.       8. 

Ans.  17.     13. 

14.     10. 

18.      4. 

15.     11. 

19.      5. 

16.     12. 

20.      9. 

3,  Fractions  by  Fractions. 

The  solutions  of  questions  of  this  section  are 
only  an  extension  of  the  principles  laid  down  in 
the  former  section  to  fractional  numbers.  For, 
since  it  is  known  that  \  is  contained  in  1  twice,  it 
necessarily  follows  that  \  is  contained  in  -J-  of 
1  only  \  of  twice,  that  is,  once ; 

or,  because  1  -r-±  =  2  ; 

therefore  -J-r-i  =  \  of  2  =  1. 

Again,  because  it  is  known  that  ^  is  contained 
in  1,  3  times;  it  follows,  that  -§-  is  contained  in  | 
only  ^  of  3  times,  that  is,  f  times ;  in  other  words, 

because    1-r-^-  =  3  ; 

therefore  i-H  =  i  of  3  =  |  =  1|. 

And  so  on  with  other  questions  of  the  kind. 

Teacher.  How  often  is  \  contained  in  1  ? 

Pupils.  Twice. 

T.  Hence,  how  often  must  \  be  contained  in  ^ 
of  1,  or  in  i? 

P.  Only  \  of  what  it  is  contained  in  1,  that  is 
once. 

K  2 


196  LESSONS    ON    NUMBER. 

T.  How  much  then  is  %-r-%  ? 
P.  1. 

.  T.  Again,  how  often  is  \  contained  in  1  ? 
P.  Twice. 

T.  Then  how  often  must  %  be  contained  in  the 
3d  part  of  1,  or  in  -J-? 

P.  Only  the  3d  part  of  what  it  is  contained  in 
1,  that  is  f-  times. 

T.  How  much  then  is  -J-f-J  ? 
P.  J-;  because   1-h^  =  2  ; 

therefore  i-r-i  =  i  of  2  =  f. 
T7.  Also,  because  1-=--^  =  2; 

therefore  -|~|-  is  — 

P.  i  of  2,  or  f,  or  |. 

T7.  And,  because  1-f-i  =  2  ; 

therefore  ^-r-^  is 

P.  i  of  2  =  f. 

T7.  And,  because   1-f-i  =  2; 

therefore  ^-r-^  is 

P.  £  of  2  =  f  =  i. 

T.  How  much  is  i,  ^,  T^,  &c.  -H  ? 

P.  Because  l-r-|  =  2; 

therefore  i-r-i  =  i  of  2  =  f  =  i 
Again, 

because  1-f-^  =  2  ; 
therefore  ^-7-^  =  £  of  2  =  f ;  and 
because    1-f-^  =  2  ; 
therefore  ^-f-i  =  TV  of  2  =  -ft  =  i- 
T.  How  much  is  f -T-i? 
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P.  Because  1—  \  =  2; 

therefore  £—  £  =  £  of  2  =  f  ; 
and  therefore  f  —  -J-  =  2  x  f  =  |-  =  \\. 

T.  Divide  f  ,  f,  f  ,  f  ,  8cc.  by  J. 
P.  Because  1-f-J  =  2; 

therefore  i-=-  J  =  £Of2=£  =  J; 
and  therefore  f.^i  =  3xj=$  =  lj. 

Also,  because  1-f-  J  =  2  ; 

therefore  *-r-  \  =  f  of  2  =  f  ; 

and*-:-i=4xf  =  f=lf. 
Again, 

because  1-rg  ==  2  ; 
therefore  £-=-  J  =iof2  =  f  =  |; 
andf~J  =  5x^  =  4-=  If. 

Also,  because  1-i-J  =  2  ; 

therefore  -^-H  1  =  \  of  2  =  f  ; 

and  4-r-  J  =  6  x  f  =  V2  =  H- 
T.  How  muchisi-7-^-? 
P.  Because  l-h|  =  3  ; 

therefore  $+$  =  ^  of  3  =  f  =  1|, 

T7.  And  how  much  is  -J-T-f? 
P.  Because  I-:-*-  =  3; 

therefore  -|-f-^-  =  \  of  3  =  f  ; 
and  therefore  Y-rf  =  \  of  f  =  f  . 


In  this  solution,  the  teacher  has  to  bring 
forcibly  before  the  mind  of  his  pupils  the  prin- 
ciple, that,  "  if  a  number  be  contained  in  another 
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number  6  times,  twice  the  former  can  only  be  con- 
tained in  |  of  6,  that  is,  3  times." 

And  3  x  times  the  former,  only  -J-  of  6,  that  is, 

twice, 

4  x  times  the  former,  only  -J-  of  6,  that  is, 
£  =  |  times. 
&c. 

And  hence,  because  it  has  been  ascertained  that 
i-r-g-  =  f  ;  therefore 
i-~2xi=ioff  =  f. 
Teacher.  How  much  is  ^-r-f  ? 
Pupils.  Because  1-r-^-  =  3  ; 

therefore  -J-r-J-  =  •£•  of  3  =  1  ; 
and  therefore  i-f-f  =  J  of  1  =  \. 
T.  How  much  is  i~|  ? 
P.  Because  l-f-|-  =  3; 

therefore  £-?-£  =  -J.  of  3  =  f  ; 


T7.  How  much  is  f  —I? 
P.  Because  1-f-^  =  3; 

therefore  %+•%•  =  i  of  3  =  f  ;   . 

andf+i  =  3  xf  =  f; 
and  therefore  f  H-|  =  \  of  f  =  %  =  1-^. 

The  pupils  must  be  able  to  give  similar  solutions 
for  each  question. 
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The  principle  remains  unaltered,  whatever  the 
question  may  be ;  for,  let  it  be  required  to  divide 
i  by*. 

Because  1~^  =  9  ; 
therefore  ^-f~£  =  \  of  9  =  %  ; 

and  -f -f-^  =  3  x  $  =  V  5 
and  therefore  f -f-f  =  £  of  V  =  f  £. 

Again,  to  divide  -|  by  f . 

Because  1-f-^  =  5  ; 
therefore  I-7--J-  =  ^  of  5  =  |- ; 
hence  f  -^  =  5  x  f  =  \5 ; 
and  therefore  |~f  =  -J-  of  2-g5  =  f  f  =  1¥V 

Answers  to  the  Exercises. 


Am.  1.  \\.               Ans.  13.  -f-^. 

2.  1TV  14.  -|f- 

3.  4.  15.  3||. 

4.  If.  16.  fi. 

Pi  3  17  91  3 

tj.  -T-.  If.  ^"5~S"' 

6.  l^p  18.  f. 

7.  H.  19.  f. 

8.  Iff.  20.  |. 

9.  |f.  21.  If 

10.  fi.  22.  |. 

11.  lil-  23.  f. 

12.  l|i.  24.  |. 
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4.    Integers  and  Fractions  by  the  same. 

Teacher.  What  are  the  kinds  of  questions  you 
have  now  learnt  to  perform  in  division  of  frac- 
tions ? 

Pupils.   1.  To  divide  fractions  by  integers; 

2.  To  divide  integers  by  fractions; 

3.  To  divide  fractions  by  fractions. 

T.  What  do  you  think  now  remains  to  be 
learnt  ? 

P.  To  divide  integers  and  fractions  by  integers 
and  fractions. 

T.  Give  a  question  of  the  kind,  and  let  us  see 
if  you  are  able  to  answer  it. 

P.  Divide  1|  by  1*-. 

T.  Which  is  the  greatest  of  these  numbers? 

p.  H. 

T.  Can  you  tell  whether  the  answer  (quotient) 
is  to  be  less  than  1,  or  more  than  1  ? 

P.  Tt  must  be  more  than  1,  because  1^  is  less 
than  1^ ;  it  must,  therefore,  be  contained  more  than 
once  in  1^. 

T.  Well,  then,  how  much  is  l^-r-l^? 
P.  1^-f-l^  is  the  same  as 
•f -f-f- ;  and  because 
1-r-^  =  3,  therefore 
H4-  =  ±of3  =  $,  and 
f -r-^-  =  3  x  f  =  | ;  and  therefore 
f-f  =  ioff  =  |=H. 
Hence  l^-r-l^=  l£. 
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T.  Divide  l£  by  1|.  Is  the  quotient  to  be  more 
or  less  than  1  ? 

P.  Less  than  1,  because  \\  is  more  than  l£, 
and  cannot,  therefore,  be  contained  once  in  1-J-. 


which  is  -f. 

T.  Hence  you  can  always  tell  beforehand,  whe- 
ther the  quotient  is  to  be  less  or  more  than  1  ;  and 
I  advise  you  to  ascertain  that  before  you  begin 
finding  the  answer,  as  it  will  show  you  whether 
your  answer  approaches  the  truth  or  not.  —  Divide 
3|  by  4^. 

P.  The  quotient  must  be  less  than  1. 

3i-r4±«tf-ry- 
Now  1  -r-£  =  5  ; 


therefore  l-f  -f- *•£  =  ££  =  f  £ .  .Aws. 
The  pupils  must  give  a  similar  account  for  each 
of  the  questions  given  to  them ;  and  in  the  exer- 
cises of  Part  II.,  write  out,  as  shown  above,  the 
process  by  which  they  have  obtained  these  re- 
sults. 

Answers  to  the  Exercises. 

Ans.  1.       J-.  Ans.  7.       •££. 

2.  If.  8.      -&. 

3.  1-fr.  9.     5f 

4.  |$.  10.     7£. 

5.  ii.  11.     4f. 

6.  H.  12.       A- 

K  5 
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Answers  to  the  Promiscuous  Questions. 

Ans.  1.  f.  Am,  6.  17. 

2.  m.  7.  4i. 

3.  If  8.  4|f. 

4.  T^.  9. 
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CHAPTER  VII. 
PROPORTIONS   AND    PROGRESSIONS. 

§    1.       ARITHMETICAL    PROPORTION,    OR 
EQUI-D1FFERENCE. 

Teacher.  What  is  the  difference  between  two 
equal  numbers? 

Pupils.  Nothing. 

T.  Name  2  numbers  whose  difference  is  1. 

P.  1  and  2. 

T.  Whose  difference  is  2? 

P.  1  and  3. 

T.  Whose  difference  is  3  ? 

P.  1  and  4. 

T.  Which  of  these  is  the  greater ;  the  first  or 
the  second  ? 

P.  The  second,  namely,  4. 

T.  Name  2  other  numbers  whose  difference  is 
also  3  ;  and  that  the  second  be  the  greater  of  the 
two. 

P.  5  and  8. 
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T.  Hence,  of  the  4  numbers,  1,  4,  5,  8,  it  may 
be  said  that  the  difference  between  the  1st  and  2nd 
is. the  same  as 

P.  The  difference  between  the  3rd  and  4th. 

T.  I  will  write  this  upon  the  slate.     [Writing.] 

1^4  =  5-8. 

Besides   this,  there  is   something  else  to  be   re- 
marked concerning  these  4  numbers.     What  is  it  ? 

P.  That  the  second  is  by  as  much  greater  than 
the  1st,  as  the  4th  is  greater  than  the  3rd. 

T.  Can  these  4  numbers  be  so  placed,  that  the 
1st  is  by  as  much  greater  than  the  2nd,  as  the  3rd 
is  greater  than  the  4th  ? 

P.  Yes,  thus:    4-1  =  8-5. 

T.  Find  4  other  numbers  of  which  the  same  may 
be  said  as  of  these  4. 

P.  2  -  5  =    7  -  10,  or 
5-2=  10-    7. 

T.  What  is  the  difference  between  the  1st  and 
2nd  pair  of  these  numbers  ? 

P.  3. 

T.  Hence  it  may  be  said,  that  their  difference, 
3,  is  common  to  each  pair,  or  that  they  have  a  com- 
mon difference. 

Find  2  pair  of  numbers  whose  common  differ- 
ence is  4. 

P.  6,  10,  and  1 1,  15. 

T.  How  am  I  to  place  these  4  numbers,  so  that 
the  order  before  mentioned  may  be  observed  ? 
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P.     6-10=  11-15,  or 
10-    6=  15-  11. 

71  Can  they  be  placed  so  that  the  difference  be- 
tween each  pair  shall  still  be  4,  and  this  order  not 
be  observed  ? 

P.  Yes;     6-10  =  15-11,  or 
10-    6  =  11-15. 

T.  Now  the  1st  of  these  is  less  than  the  2nd, 
but  the  3rd  is 

P.  Greater  than  the  4th. 

T.  Or,  the  1st  is  greater  than  the  2nd,  but  the 
3rd  is 

P.  Less  than  the  4th. 

T.  Now,  I  wish  you  to  find  2  pair  of  numbers 
whose  common  difference  is  5,  and  to  place  them 
so  as  that  the  order  before  mentioned  may  be  ob- 
served. 

P.     5-10=  11-16,  or 
10-    5=  16-11. 

T.  Find  2  pair  who^e  common  difference  is  6. 
P.     7-13  =  15-21,  or 
13-    7  =  21-15. 

T.  Two  pair  of  numbers,  similarly  related,  and 
placed  in  such  an  order,  are  said  to  form  an  arith- 
metical proportion,  or  equi-dijference. 

Now  state  how  2  pair  of  numbers  must  be  re- 
lated, and  how  they  must  be  placed,  in  order  to 
form  an  arithmetical  proportion. 

P.  The  difference  between  each  pair  must  be 
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the  same ;  and  they  must  be  so  placed,  that  if  the 
1st  is  greater  or  less  than  the  2nd,  the  third  is  like- 
wise greater  or  less  than  the  4th. 

T.  Find  6  arithmetical  proportions. 

P.  7-3=9-5; 
13-17  =  25-29; 
18-12  =  20-26; 
33-54=  17-38; 
49  -  15  =  86  -  52  ; 
100-80  =  30-10. 

T.  Do  17  —  15  =  39  —  35  form  an  arithmetical 
proportion  ? 

P.  No ;  because  they  have  not  a  common  differ- 
ence. 

T.  Do  18  — 5  =  10  —  23  form  an  arithmetical 
proportion  ? 

P.  No;  because,  though  they  have  a  common 
difference,  yet  the  1st  is  greater  than  the  2nd  ; 
but  the  3rd  is  less  than  the  4th,  which  must 
not  be. 

T.  If,  now,  the  3  first  numbers,  or  terms,  as 
they  are  usually  called,  be  known,  you  will  be  able, 
I  think,  to  find  the  4th  term.  For  instance,  the 
difference  between  3  and  7  is  the  same  as  the  dif- 
ference between  9  and  what  other  number? 

P.  5  or  13. 

T.  True ;  but  recollect  that  the  four  numbers 
must  form  an  arithmetical  proportion,  and  that  I 
mentioned  the  lesser  first. 

P.  It  must  be  13,  and  not  5. 
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T.  Hence  3-7=9-13; 
but  had  I  said,  the  difference  between 

7  and  3  =  the  difference  between  9 

and  what  other  number?  your  answer  would  have 
been 

P.  5. 

T.  Let  us  try  another  question.  [Writing  on 
the  slate.] 

13-9  =  19- 
Is  the  4th  term  to  be  less  or  greater  than  19  ? 

P.  Less  than  19,  because  the  1st  term,  13,  is 
greater  than  the  2nd  term,  9 ;  hence  the  3rd  term, 
19,  must  be  greater  than  the  4th  term,  or  the  4th 
term  must  be  less  than  19. 

T.  And  by  how  much  must  it  be  less  than  19  ? 

P.  By  as  much  as  9  is  less  than  13  ;  that  is, 
by  4. 

T.  How  much,  then,  is  the  4th  term? 

P.  19-4,  or  15. 

T.  Hence  13-9  =  19-15. 

What,  then,  must  be  inquired  into,  in  order 
to  find  the  4th  term  ? 

P.  First,  whether  it  is  to  be  greater  or  less  than 
the  3rd ;  and  then,  by  how  much  it  is  to  be  greater 
or  less. 

T.  Find  a  fourth  number  which  shall  form  an 
equi-difference  with  5,  11,  17. 

P.  The  difference  between  5  and  11  =  6;  and 
since  5  is  less  than  11,  the  3rd  term,  17,  must  be  less 
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than  the  4th  ;  that  is,  it  must  be  less  than  the  4th 
by  6  ;  the  number,  therefore,  is,  17  +  6  =  23. 

Hence,  5-11  =  17-23. 

T.  Find  a  4th  number  which  shall  form  an  equi- 
difference  with  the  numbers  -J-,  |-,  \. 
P.  The  difference  between 


and  since  \  is  greater  than  ^  by  1,  therefore  \  must 
be  greater  than  the  4th  term  by  -J-. 

Hence,  \—  £  =  tV—  T%  =  A»  tne  4th  term  ; 
and  therefore  \  —  ^  =  \  -  —  ^. 

Similar  solutions  are  required  for  each  question  ; 
and  since  the  mind  has  to  dwell  some  time  upon 
each  question,  the  teacher  is  advised  to  write  the 
3  numbers  each  time  upon  the  school-slate,  or  let 
the  pupils  write  the  question  upon  their  own 
slates. 

Answers  to  the  Exercises. 

Arts.  4.       74.  Ans.  10.     48. 

5.  100.  11.       TV 

6.  33.  12.  |f. 

7.  51.  13.  H. 

8.  61.  14.  4TV 

9.  29.  15.  80TV 
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§    2.       ARITHMETICAL    PROGRESSION. 

Teacher.  Name  4  numbers  whose  successive  dif- 
ferences are  equal. 

Pupils.  1,2,3,4. 

T.  What  is  the  common  difference  ? 

P.   1. 

T.  Name  4  other  numbers  whose  successive  dif- 
ferences are  2. 

P.  1,  3,  5,  7. 

T.  What  difference  is  there  between  these  four 
numbers,  and  4  numbers  forming  an  equi-differ- 
ence? 

P.  The  numbers  1,  3,  5,  7  form  an  equi-differ- 
ence;  but  the  difference,  2,  is  not  only  common  to 
the  1st  and  2nd  pair,  but  also  to  the  3rd  and  4th 
term. 

T.  Name  4  other  numbers  whose  successive  dif- 
ferences are  3. 

P.  1,  4,  7,  10. 

T.  Can  there  be  more  than  4  numbers  having 
this  property? 

P.  Yes,  as  many  as  you  please  ;  thus :  — 

1,  4,  7,  10,  13,  16,  19,  22,  &c. 

T.  A  series  of  numbers,  whose  successive  differ- 
ences are  equal,  is  called  an  arithmetical  progres- 
sion. Form  an  arithmetical  progression,  the  rium- 
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bers,  or  terms,  as  they  are  called,  having  a  common 
difference,  4. 

P.  1,5,9,  13,  17,21,25,  &c. 

T.  You  made  1  the  first  term ;  could  the  series 
begin  with  2  ? 

P.  Yes;  2,6,10,  14,  18,  22,  &c. 

T.  With  3  ? 

P.  Yes;  3,  7,  11,  15,  &c. 

T.  In  short,  it  might  begin  with  any  number. 
If,  then,  I  tell  you  to  form  a  progression,  begin- 
ning with  5,  and  the  difference  of  whose  terms  is 
7,  can  you  do  it? 

P.  Yes;  5,  12,  19,  26,  33,  8cc. 

T.  If  the  1st  term  of  a  progression  be  2,  and 
the  2nd  term  7  ;  what  is  the  difference  of  the 
terms  ? 

P.  5. 

T.  And  what  is  the  progression? 

P.  2,  7,  12,  17,  22,  27,  &c. 

T.  The  1st  term  is  9 ;  the  2nd  term  16 ;  what 
is  the  difference,  and  what  the  following  terms  ? 

P.  The  difference  is  7,  and  the  terms  are, — 
9,  16,  23,  30,  37,  8cc. 

T.  If  the  1st  term  be  100  ;  the  2nd,  97;  what 
is  the  difference,  and  what  are  the  terms  of  the 
progression  ? 

P.  The  difference  is  3,  and  the  progression  is — 

100,  97,  94,  91,  88,  85,  82,  &c. 
T.  What  is  there  to  be  remarked  concerning  the 
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terms  of  this  series,  when  compared  with  those  of 
the  former  ? 

P.  The  terms  in  the  series  are  decreasing ;  in 
the  former  increasing. 

T.    Hence,    an    arithmetical    proportion    may 
be 

P.  Either  increasing  or  decreasing. 

T.  The  1st  term  of  a  series  is  85;  the  2nd  73. 
Is  the  series  decreasing  or  increasing? 

P.  Decreasing,  because  the  2nd  term  is  less  than 
the  1st. 

T.  What  are  the  terms  of  the  series? 

P.  The  difference  of  the  terms  is  12 ;  hence  the 
terms  are,  — 

85,  73,  61,  49,  37,  8cc. 

T.  If  the  1st  term  be  1,  and  the  common  differ- 
ence be  likewise  1,  what  is  the  series  ? 

P.  1,  2,  3,  4,  5,  See. 

T.  What  is  the  10th  term  of  this  series? 

P.  10. 

T.  If  the  1st  term  be  1,  the  common  difference 
2,  what  is  the  10th  term? 

P.  19. 

T.  How  have  you  found  this? 

P.  We  have  written  10  terms  of  this  progres- 
sion, thus : — 

1,  3,  5,  7,  9,  11,  13,  15,  17,  19. 

T.  And,  had  I  asked  you  to  find  the  100th  term, 
what  would  you  have  done  ? 
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P.  We  should  have  drawn  up  100  terms  of  the 
progression. 

T.  This  would  have  been  rather  troublesome  ; 
now,  if  you  will  pay  attention  and  reflect  a  little, 
we  shall  be  able  to  find  any  term  whatever,  with- 
out first  writing  down  all  the  previous  terms. 

[Writing  upon  the  slate  :]  — 

1.  2.  3.  4.  5.  6.  7. 

1.  3.  5.  7.  9.  11.  13. 

1.  4.  7.  10.  13.  16.  19. 

2.  7.  12.  17.  22.  27.  34. 

What  have  I  written  here  upon  the  slate? 

P.  7  terms  of  4  progressions. 

T.  The  first  of  these  may  serve  to  show  us  the 
number  of  terms  in  the  others;  we  will  begin  with 
the  2d  series.  Its  first  term  is  1 ;  what  is  the  dif- 
ference of  the  terms  ? 

P.  2. 

T.  Now,  tell  me  how  the  2nd  term  3  is  ob- 
tained ? 

P.  By  adding  the  difference,  2,  to  the  1st 
term,  1. 

T.  Is  this  true  for  each  of  the  other  two  pro- 
gressions ? 

P.  Yes ;  for  1st  term  is  1,  difference  3  ;  and  the 
2d  term  is  1  +3  =  4;  again,  in  the  last  progression, 
the  1st  is  2,  difference  5  ;  and  the  second  term  is 
2  +  5  =  7. 
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T.  Hence  the  2d   term  of  every  progression  is 

equal  to 

P.  To  the  1st  term,  more  the  difference. 
T.  And    how    is   the    3d   term   obtained   from 
the  2d  ? 

P.  By  adding  the  common  difference  2  to  it ; 
thus  the  2d  term  is  3,  difference  2  ;  hence  the 
3d  term  is  3  +  2  =  5. 

T.  Now,  recollect,  we  ascertained  before  that 
the  2d  term  is  the  same  as  the  1st  term,  +  the 

difference  ;  hence  the  3d  term  must  be 

P.  The  same  as  the  1st  term,  more  the  differ- 
ence; and  more  the  difference  again,  that  is,  more 
twice  the  difference. 

T.  Repeat  what  you  have  ascertained  concern- 
ing the  2d  and  3d  term. 

P.  The  2d  term  =  ;  1st  term  +,  the  difference ; 
3d  term  =  ;  1st  term  +,  twice  the  diff. 

T.  See  if  this  be  true  for  each  of  the  other 
2  progressions. 

P.  Yes,  it  is. 

T.  Now  observe  how  the  4th  term  is  obtained 
from  the  3d. 

P.  By  adding  the  common  difference  to  it. 

T.  And  how  is  it  obtained  from  the  1st  term  ? 

P.  By  adding  3  times  the  difference  to  the 
1st  term. 

T.  Hence  the  4th  term  is  equal  to 
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P.  The  4th  term  is  equal  to  the  1st  term,  +  3 
times  the  common  difference. 

T.  I  think  you  will  now  be  able  to  find  out  how 
the  following  terms  are  obtained  from  the  1st 
term. 

The  pupils  will  thus  find,  that 

The  2d  term  =  1st  term,  +  once  the  common 
difference. 

The  3d  term  =  1st  term,  +  twice  the  common 
difference. 

The  4th  term  =  1st  term,  -I-  3  x  the  common 
difference. 

The  5th  term  =  1st  term,  +  4  x  the  common 
difference. 

The  6th  term  =  1st  term,  +  5  x  the  common 
difference. 

&c. 

The  10th  term  =  1st  term,  -f  9  x  the  common 
difference. 

&c.     &c. 

If  the  series  be  increasing,  but  if  decreasing, 
the  difference  must  be  subtracted  from,  instead  of 
added,  to  the  1st  term. 

T.  If  the  1st  term  be  1,  and  the  common  dif- 
ference 3,  what  will  be  the  10th  term  ? 

P.  The  10th  term=  1st  term,  +9x  the  dif- 
ference ;  now  the  1st  term  =  1,  difference  =  3  • 
hence  the  10th  term  =  1  +9 x  3  =  28. 
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T.  By  what  means  will  you  ascertain  if  this  be 
true? 

P.  By  writing  10  terms  of  the  progression,  1,  4, 
7,  &c. 

The  pupils  should  be  called  upon  to  verify  their 
answers  for  each  question. 

Answers  to  the  Exercises. 

Ans.3.     1;  7;  16;  19;  25;  31. 

4.  100;  91;  82;  73;  64;  55. 

5.  J;   f.    1_1_;    1|;    !_?_  ;    2. 

6.  20;  191-  5  18f  ;  18;  17-J-;  16f. 

7.  See  §  2.  Arithmetical  Progression. 

8.  43.  Ans.12.       27f 

9.  97.  13.       80. 

10.  5i.  14.     293. 

11.  6.  15.       If. 


.       GEOMETRICAL    PROPORTION. 

Teacher.  What  does  it  mean  to  compare  one 
thing  with  another  ? 

Pupils.  To  ascertain  in  what  respect  the  2  things 
are  alike,  or  in  what  respect  they  differ  from  each 
other. 

T.  Hence,  if  we  have  to  compare  two  numbers 
with  each  other,  what  would  you  do? 
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P.  Ascertain  whether  they  are  equal  to  each 
other,  or  not. 

T.  Compare  the  numbers  2  and  6. 

P.  They  are  not  equal  to  each  other. 

T.  And   if  2  numbers  are  not  equal  to  each 
other,  what  may  be  said  of  them  respectively? 

P.  That  the  one  is  greater  than  the  other;  or 
that  the  one  is  less  than  the  other. 

T.  By  what  operation  do  you  ascertain  by  how 
much  6  is  greater  than  2  ? 

P.  By  subtracting  the  lesser  number  2  from  the 
greater  number  6. 

T.  And  what   is  the   result  of  this   operation 
called  ? 

P.  The  difference  between  6  and  2,  which  is  4. 

T.  Is  there  any  other  way  of  comparing  these 
two  numbers  with  each  other? 

P.  Yes,  by  ascertaining  how  often  the  one  is 
contained  in,  or  contains  the  other. 

jT.  By  what  operation    do  you   ascertain   how 
often  2  is  contained  in  6,  or  6  in  2  ? 

P.  By  dividing  6  by  2,  or  2  by  6. 

T.  And   what   is  the  result  of   this  operation 
called  ? 

P.  The   quotient  of   6—2,    which   is  3,  or  of 
2-f-6,  which  is  f  or  ^. 

T.  Name  2  numbers,  of  which  the  difference  is 
the  same  as  that  between  2  and  6. 

P.  12  and  16. 
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P.  12  and  16, 

T.  Do  you  recollect  what  was  said  of  4  numbers 
similarly  related  as  the  numbers  2,  6,  12,  16? 

P.  Yes ;  they  form  an  equi-difference,  or  arith- 
metical proportion. 

T.  And  can  you  find  more  pairs  of  numbers, 
whose  difference  is  the  same  as  that  between 
2  and  6? 

P.  Yes,  as  many  as  you  please;  14  and  18 ;  20 
and  24,  &c. 

T.  Now,  find  2  numbers,  of  which  the  quotient 
is  the  same  as  that  of  6  divided  by  2. 

P.  12  divided  by  4;  or  18-6  ;  30-r-10,  &c. 

T.  Hence  what  may  be  said  of  the  4  numbers 
6,  2,  12,  4  ? 

P.  That  the  1st  6  divided  by  the  2d  2,  is  the 
same  as  the  3d  12  divided  by  the  4th  4. 

T.  In  short,  that  6-f-2  =  12—4.  Now  find 
2  numbers  whose  quotient  is  the  same  as  that  of 
l-f-2. 

P.  3-6,  or  4-r-8,  or  5--10,  8cc. 

T.  How  did  you  find  these  numbers  ? 

P.  Since  l-r-2  =  •£,  any  two  numbers  of  which 
the  one  is  -J-  of  the  other  must  have  a  quotient  =  \  ; 
such  numbers  are  3-r-6,  4—8,  5-f-10. 

T.  In  short,  then,  l-r-2  =  3-i-6. 

Find  2  numbers  whose  quotient  is  the  same 
as  that  of  2-r-l. 

P.  Because  2-rl  =2;  any  two  numbers,  of 
which  the  one  is  twice  as  much  as  the  other,  must 
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have   a  quotient  =  2  ;    such    are    6-r-2,    8-r-4, 
lO-f-5,  8cc. 

T.  We  have  found  before  that 

l-f-2  =  3-r-6  ;  and  now, 
that  2-r-l  =  6-r-3.  — What  conclusion  can 
you  make  ? 

P.  That  of  4  numbers,  if  the  1st  divided  by  the 
2nd,  is  equal  to  the  3rd  divided  by  the  4th,  then 
also  is  the  2nd  divided  by  the  1st,  equal  to  the  4th 
divided  by  the  3rd. 

T.  Any  4  numbers  having  this  property  are  said 
to  be  proportional  to  each  other. 

So  that  it  may  be  said, 

1  has  the  same  proportion  to  2, 
as  3  has         . .  . .         to  6, 

or,  as  4  has         . .  . .          to  8. 

&c. 
And  that, 

2  has  the  same  proportion  to  1, 
as  6  has         . .  . .         to  3, 

or,  as  8  has         . .  •  •         to  4. 

&c. 

And  this  is  shortly  written  thus :  — 
1     :     2     :  :     3     :     6. 

1  :     2     :  :     4     :     8. 

2  :     1     :  :     6     :     3. 
And  2     :     1     :  :     8     :     4. 
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Which  is  read  thus  :  — 

as  1  is  to  2,  so  is  3  to  6 ; 
as  2  is  to  1,  so  is  6  to  3. 
&c. 

Now,  find  2  numbers  which  have  the  same  pro- 
portion that  1  has  to  3. 

P.  2  to  6;  3  to  9;  4  to  12,  &e.;  or  any  num- 
bers of  which  the  first  is  ^  of  the  other. 

T.  How  have  you  ascertained  this  ? 

P.  By  dividing  1  by  3,  which  is  |-,  and  any  two 
numbers  of  which  the  first  is  %  of  the  other,  are  in 
the  proportion  of  1  to  3. 

T.  And,  if  you  have  to  find  two  numbers  in  the 
proportion  of  3  to  1,  which  are  they  ? 

P.  6  to  2 ;  9  to  3 ;  12  to  4,  &c. ;  or  any  two 
numbers  of  which  the  first  is  3  times  as  much  as 
the  other. 

T.  Hence,  to  ascertain  two  numbers,  which 
have  the  same  proportion  to  each  other  as  two 
other  numbers,  what  must  be  done? 

P.  Divide  the  one  by  the  other ;  and  find  two 
numbers,  which,  when  divided,  have  the  same 
quotient. 

jT.  Speaking  of  proportional  numbers,  this  quo- 
tient is  called  the  ratio,  which  the  two  numbers 
have  to  each  other.  What  is  the  ratio  of  6  to  12  ? 

P.  A  or  i- 

T.  Arid  what  is  the  ratio  of  12  to  6  ? 

P.   V2  or  2. 

L  2 
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T.  And  of  4  numbers  which  form  a  proportion, 
if  the  1st  be  greater  or  less  than  the  2nd,  the  3rd 
must  be 

P.  Greater,  or  less  than  the  4th. 

T.  Hence,  as  1  :  4  :  :  5  to  what  other  number? 
—  Is  it  to  be  less  or  greater  than  5? 

P.  It  must  be  greater  than  5,  since  the  first  1  is 
greater  than  4,  the  2nd. 

T.  What  is  the  number? 

P,  20  ;  since  the  ratio  of  1  to  4  is  J-,  hence  the 
number  of  which  5,  is  i,  is  the  number  required ; 
which,  therefore,  is  4x5,  or  20. ' 

T.  This  is  called  finding  the  4th  proportional  to 
the  3  numbers  1,  4,  5.  Find  the  4th  proportional 
to  4,  1,  5. 

P.  Since  4  =  4,  the  ratio  of  5  to  the  number 
must  be  4,  that  is,  5  must  be  4  times  as  much  as 
the  number,  which  is,  therefore,  -£  of  5,  or  1^  ; 
hence,  4  :  1  :  :  5  :  1-J-. 

T.  As  2  is  to  3,  so  is  4  to  what  4th  number? 

P.  Because  2  is  f  of  3,  4  must  be  f  of  the 
number ;  hence  -J-  of  the  number  =  -J-  of  4 ;  and 
therefore  the  number  must  be  \  of  4  taken  3  times, 
which  is  6  ;  therefore, 

2     :     3     :  :     4     :     6. 

N.B.  The  pupils  will  not  find  it  difficult  to 
ascertain  the  4th  proportional,  when  the  1st  term 
is  either  a  multiple  of  the  2nd,  or  the  2nd  a  mul- 
tiple of  the  first.  When,  however,  the  ratio  of  the 
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first  two  terms  is  f,  f ,  f ,  f ,  f ,  £ ,  &c.  that  is, 
fractional,  they  will  naturally  experience  greater 
difficulty. 

Before  entering  then  upon  similar  questions,  it 
will  be  advisable  to  go  through  the  following 
exercises. 

6  is  the  half  of  what  number? 

Ans.  Of  2  x  6  ;  that  is,  of  12. 

6  is  the  third  part  of  what  number  ? 
Ans.  Of  3x6;  that  is,  of  18. 

6  is  f  of  what  number? 

Ans.  Of  the  half  of  6  taken  3  times;  that  is, 
of  9. 

6  is  i  of  what  number  ? 
Ans.  Of  4  x  6 ;  that  is,  of  24. 

6  is  •§•  of  what  number  ? 
Ans.  Of  ^  of  6  taken  4  times ;  that  is,  of  8. 

6  is  ^  of  what  number  ? 
Ans.  Of  5x6;  that  is,  of  30. 

6  is  f  of  what  number? 
Ans.  Of  i  of  6  taken  5  times;  that  is,  of  15. 

6  is  %  of  what  number? 
Ans.  Of  %  of  6  taken  5  times  ;  that  is,  of  10. 

6  is  ^  of  what  number? 
Ans.  Of  ^  of  6  taken  5  times;  that  is, 
f  x  5  =  ¥  =  7-1, 
L  3 
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6  is  4  of  what  number  ? 
Am.  Of  ^  of  6  taken  7  times  ;  that  is, 

11  is  |^  of  what  number  ? 
Ans.  Of  ^  of  11  taken  8  times;  that  is, 
y  x  8  ='  \s  =  29|. 
&c.  &c. 


These  and  similar  questions  having  been  duly 
practised,  no  difficulty  will  be  met  with  in  the 

following  :  — 

• 

Teacher.  As  7  is  to  1,  so  is  13  to  - 

Pupils.  l£.  Because  the  1st  term  is  7  times 
as  much  as  the  2nd,  the  3rd  must  be  7  times 
as  much  as  the  4th.  Now  13  is  7  times  y,  which 
is  If 

T.  As  7  is  to  2,  so  is  8  to  - 

P.  2f  •  because  7  is  £  of  2,  therefore  8  must  be 
\  of  the  number.  Now  8  is  \  of  \  of  8  taken 
twice  ;  that  is, 

f  x  2,  or  V6  =  2f  . 

T.  If  your  answer,  2f,  be  correct,  what  must 


be- 

P.  7,  divided  by  2,  must  give  the  same  quotient 
as  8,  divided  by  2-f  :  — 

7-2  =  -I,  and  8-7-  2f  =  8~  V  =  i- 
Hence  the  answer  is  correct. 
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Answers  to  the  Exercises. 

N.B.    The  answers  to  the  7  first  questions  are 
contained  in  §  3.  Geometrical  Proportions. 


Am.  8. 

Ratio  of  3  to    7=4.       Ratio  of  £  to 
7  to    3  = 


=  f . 


T' 


8  to 

11  = 

A- 

f 

tof  = 

11  to 

8  = 

V- 

1 

tof  = 

ito 

*  = 

i 

~5 

tof  = 

,!HS.    9. 

] 

5 

7 

35. 

10. 

5 

1 

9 

1I- 

11. 

4 

12 

13 

39. 

12. 

12 

4 

13 

4.1. 

13. 

15 

60 

3 

12.° 

14. 

9 

72 

14 

112. 

15. 

72 

9 

14 

1|. 

16. 

17 

51 

23 

69. 

17. 

18 

90 

85 

425. 

18. 

19 

114 

105 

630. 

19. 

Of  1 

5. 

20. 

Of  1 

6. 

21. 

Of  1 

Of. 

22. 

Of  8 

i- 

23. 

Of  2 

1. 

24. 

Of  3 

25. 

Of  2 

0. 
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Am.  26. 

2 

3 

9 

13$. 

27. 

Q 

2 

9 

6. 

28. 

o 

4 

15 

20. 

29. 

4 

3 

15 

"i- 

30. 

4 

5 

18 

22$. 

31. 

5 

4 

18 

14|. 

32. 

6 

7 

5 

55. 

33. 

* 

5 

* 

3*. 

34. 

I 

f 

6 
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THE  ELEMENTS  OF  ARITHMETIC. 
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12mo.  3*.  Gd.  cloth. 


"  Instead  of  merely  learning  a  number 
of  rules  by  rote,  the  pupil  learns  to  refer 
every  thing  to  reason,  and  he  is  taught 
how  to  do  so ;  and  thus  he  will  often  be 
able  to  ascertain  the  meaning  of  an  am- 
biguous passage,  or  supply  the  defect  of 
an  imperfect  proof.  It  is  only  thus  that 
any  knowledge  of  the  principles  of  Arith- 
metic can  be  acquired  ;  and  although  it  is 
not  necessary  to  resort  to  these  consider- 
ations to  attain  practical  facility  in  per- 
forming arithmetical  operations,  we  have 
little  doubt  that  this  will  be  gained  quite 
as  rapidly  under  instruction,  such  as  Pro- 
fessor De  Morgan's  Treatise  affords,  as  it 
is  from  the  old  course  of  mere  rules  and 
examples,  and  it  will  certainly  be  gained 
better." — Journal  of  Education,  No.  I. 

"  Since  the  publication  of  the  first  edition 
of  this  work,  though  its  sale  has  suffici- 
ently convinced  me  that  there  exists  a 
disposition  to  introduce  the  principles  of 
arithmetic  into  schools,  as  well  as  the 
practice,  I  have  often  heard  it  remarked 
that  it  was  a  hard  book  for  children.  I 
never  dared  to  suppose  it  would  be  other- 
wise. All  who  have  been  engaged  in  the 
education  of  youth  are  aware  that  it  is  a 
hard  thing  to  make  them  think  ;  so  hard, 
indeed,  that  masters  had,  within  the  last 
few  years,  almost  universally  abandoned 
the  attempt,  and  taught  them  rules  instead 
of  principles ;  by  authority,  instead  of 
demonstration.  This  system  is  now  pass- 
ing away  ;  and  many  preceptors  may  be 
found  who  are  of  opinion  that,  whatever 
may  be  the  additional  trouble  to  them- 
selves, their  pupils  should  always  be  in- 
duced to  reflect  upon,  and  know  the  reason 


of,  what  they  are  doing.  Such  I  would 
advise  not  to  be  discouraged  by  the  failure 
of  a  first  attempt  to  make  the  learner  un- 
derstand the  principle  of  a  rule.  It  is  no 
exaggeration  to  say,  that,  under  the  pre- 
sent system,  five  years  of  a  boy's  life  are 
partially  spent  in  merely  learning  the 
rules  contained  in  this  treatise,  and  those, 
for  the  most  part,  in  so  imperfect  a  way, 
that  he  is  not  fit  to  encounter  any  ques- 
tion unless  he  sees  the  head  of  the  book 
under  which  it  falls.  On  a  very  moderate 
computation  of  the  time  thus  bestowed, 
the  pupil  would  be  in  no  respect  worse  off, 
though  he  spent  five  hours  on  every  page 
of  this  work.  The  method  of  proceeding 
which  I  should  recommend,  would  be  as 
follows:  —  Let  the  pupils  be  taught  in 
classes,  the  master  explaining  the  article 
as  it  stands  in  the  Work.  Let  the  former, 
then,  try  the  demonstration  on  some  other 
numbers  proposed  by  the  master,  which 
should  be  as  simple  as  possible.  The  very 
words  of  the  book  may  be  used,  the  figures 
being  changed,  and  it  will  rarely  be  found 
that  the  learner  is  capable  of  making  the 
proper  alterations,  without  understanding 
the  reason.  The  experience  of  the  master 
will  suggest  to  him  various  methods  of 
trying  this  point.  When  the  principle  has 
been  thus  discussed,  let  the  rule  be  dis- 
tinctly stated  by  the  master,  or  some  of 
the  more  intelligent  of  the  pupils  ;  and  lot 
some  very  simple  example  be  worked  at 
length.  The  pupils  may  then  be  dismissed, 
to  try  the  more  complicated  exercises  with 
which  the  work  will  furnish  them,  or  any 
others  which  may  be  proposed."— Preface- 
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